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a characterization of the set of kneading sequences for bimodal degree one circle maps. In Chapter 3
we construct two self-similarity operators in order to study the bifurcations of continuous parametrized
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topological entropy of a sub—class of bimodal degree one circle maps.

The Chapter 1 was published in:

Alseda L., Falcé A., Devil’s Staircase Route to Chaos in a Forced Relaxation Oscillator, Ann. Inst.
Fourier, 44, 1, 109-128, 1994.

Alsedé L., Falco A., The bifurcations of a piecewise monotone family of circle maps related to the van
der Pol equation, Proceedings of European Conference on Iteration Theory, Caldes de Malavella, World
Scientific, 1987.

The Chapter 4 was published in:

Alseda L., Falcé A., An entropy formula for a class of circle maps, C.R. Acad Sci. Paris, t. 314,

667-682, 1992.



Contents

1 A one-dimensional approach 3
1.1 Introduction . . . . . . . . . .. L 3
1.2 The Levi’s model and statement of the main result. . . . . . . ... .. ... ... 6
1.3 Levi'sresults . . . . . . o . L 9
1.4 Proof of Theorem 1.2.2(a)-(b) . . . . . . . . . . . . 14
1.5 The rotation interval . . . . . . .. oL oL L 19
1.6 Twist orbits . . . . . . . L 21
1.7 Proof of Theorem 1.2.2(c) . . . . . . . . . .. 23

1.8 The piecewise-monotone family of circle maps related to the Van der Pol equation 27

1.9 Concluding Remarks . . . . . . . . . . ... 36

2 The kneading pair 37
2.1 Introduction . . . . . . . . . . L 37
2.2 A survey on the Kneading Theory for circle maps . . . . . .. . ... ... .... 39
2.3 The characterization of the kneading pair . . . . . . . .. .. .. ... ...... 42
2.3.1 Proof of the first statement of Theorem 2.3.2 . . . . ... ... ... ... 45

2.3.2  Proof of the second statement of Theorem 2.3.2 . .. ... .. ... ... 51

2.4 Concluding remarks . . . . . . . . . 58

3 Self-similarity operators 62
3.1 Imtroduction . . . . . . . . . . . e 62
3.2 Thex—product . . . . . . . . . . e 66
3.2.1 Imtroduction . . . . . . . . 66

3.2.2 A survey on the kneading theory for unimodal maps . . . .. . ... ... 66



CONTENTS 9

3.2.3 Definition of the x—products and statement of the main result . . . . . . 68
3.2.4 Preliminary results . . . . . . . . ... 70
3.2.5 Proof of Theorem 3.2.1 . . . . ... . ... . ... 74
3.2.6 Concluding remarks . . . . . . . ... oo 77

3.3 The @—product . . . . . . . . . . e 78
3.3.1 Introduction and preliminary results . . . . . . .. ... ... ... .... 78
3.3.2 Definitions and preliminary results . . . . . .. .. ... oL 80
3.3.3 Proof of the Theorem 3.3.3 . . . . . . .. ... .. ... ... ....... 82

3.4 Bifurcation structure in the Arnol’d tongues . . . . . . . . .. ... ... ... 87
3.4.1 Proof of Proposition 3.4.1 . . . . . .. ... . 90
3.4.2 Proof of Theorems 3.4.1 and 3.4.3 . . . . . . .. ... ... .. ...... 92
3.4.3 Concluding remarks . . . . . . .. . ... 97

3.5 Appendix . ... 97
4 Topological entropy 98
4.1 Introduction . . . . . . . . . L 98
4.2 The topological entropy . . . . . . . . ... 99
4.3 Kneading Theory and Topological entropy for mapsin A . ... ... ...... 101
4.4 The Topological entropy formula for mapsin M . . . . ... ... ... ... .. 104

4.5 Proof of Theorem 4.4.3 . . . . . . .« . . . e 108



Chapter 1

A one- dimensional approach to a

forced relaxation oscillator

1.1 Introduction

In this chapter we describe the behavior of certain sets of solutions of an oscillator of the Van
der Pol type with sinusoidal forcing term. The original problem was proposed by Van der Pol
[33] in the study of an electrical circuit with a triode valve. Later on, Van der Pol and Van der
Mark [34] studied the forced relaxation oscillator in a circuit as the one in Figure 1.1.1. They
analyzed the frequency of the circuit as a function of the capacitance C. While increasing C from
its initial value they observed that the electrical system takes a period being a multiple of the
forcing period and that, for certain parameter values, two different subharmonics may coexist.
Furthermore, there are regions where no subharmonics are detected. Plotting the frequency of
the circuit against the capacitance they obtained a staircase structure as shown in Figure 1.1.2.

Recently, Kennedy, Krieg and Chua [22] working with a modern version of the Van der Pol
and Van der Mark’s circuit observed the appearance of secondary staircases. These staircases
present a well-known geometric structure called “the Devil’s staircase” (which, roughly speaking,
can be defined as the graph of a non-decreasing continuous map with the property that the
preimage of any rational number is a closed interval and the preimage of any irrational number
is a point). These secondary staircases give the route from the non-chaotic behavior to the
chaotic one in the electrical circuit.

The first mathematical investigation on this model was made by Cartwright and Littlewood
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Figure 1.1.1: The circuit studied by Van der Pol and Van der Mark.

Figure 1.1.2: The original staircase.
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[8]. They studied the solutions of the following non-linear differential equation

d*z 9 dz
- +v(z® — 1)E + x = vb(v)k cos kt, (1.1.1)

where v >> 1 and discovered a family of solutions with chaotic behavior. Later on Levinson

[32] proposed the following version of (1.1.1)

€ 4+ Vo(x)t + ex = bpo(t), (1.1.2)

where Ug = sgn(z? — 1), po(t) = sgn(sin(Z)), € > 0 is a small parameter and b varies in some

finite interval [by,bs]. In this new model the solutions could be analyzed explicitly by piecing
together solutions at different linearity intervals.

Afterwards, Levi [30] modified the Levinson’s model by replacing the functions ¥o(z) and
po(t) by two differentiable C°— close functions. Namely, ¥(z) negative for |z| < 1 and positive
for |x| < 1 and p(t) periodic of period T'. In a very complicated process Levi reduced the study
of the qualitative behavior of the solutions of this model to the study of the dynamics of a
dissipative diffeomorphism in a region of R? that, after identifying the upper boundary with the
lower one, can be considered as a dissipative diffeomorphism of an annulus into itself. Moreover
this diffeomorphism can be approximated (in some sense) by a circle map.

By using these techniques Levi showed that, for € small enough, the interval [b, bs] can be
decomposed into union of alternating closed, proper disjoint intervals Ay and By separated by

thin gaps gr and g as follows:
[b1,b2] = A1 UgrUBLUG UAyUgaU, ... ,Ugp—1 UA, Ug,UB,.

When b belongs to one of the intervals Ay a periodic solution of period (2g —1)T appears, where
T is the period of the forcing term p(t) and ¢ = g(k) > 0 is an integer number. As b increases
it crosses one of the small gaps g; to fall down in one of the intervals Bg. Then, the above
periodic solution is preserved and another one of period (2¢ 4+ 1)T is created. Moreover, it is
shown that in the intervals By the system exhibits chaotic motion. Afterwards, the parameter
b crosses another small gap of type §i to arrive to an interval Ay,1 where only the periodic

solution of period (2¢ + 1)T" remains and the chaotic motion disappears. Thus, as b moves
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trough the intervals Ay, gk, Bk, gr and Ag,1 one observes a hysteresis phenomenon (frequency
demultiplication). However, Levi did not study in detail the evolution of the system as b crosses
the intervals g and g but he predicted the existence of orbits of very high period.

The purpose of the present chapter is to analyze the bifurcations occurring when the param-
eter b crosses the gaps of type g and g in the Levi’s model of the forced relaxation oscillator.
Before stating the main result of this chapter we have to introduce some notation and explain

Levi’s results with more detail.

1.2 The Levi’s model and statement of the main result.

Levi’s model can be conveniently rewritten as

1
b=y B(@), §= ot bplh) (1.23)
where y = e + ®(z) is the modified velocity and ®(z) = [ ¥ (u)du.
We shall denote by P, be the Poincaré map associated to (1.2.3), defined as Py(z) = Z(T,0, z),
where Z(t, 19, z) denotes the solution of the system at time ¢ which starts at z at time tg. For €

small enough and for all b € [by, by], the map P, has the following geometrical properties:

(1) It has exactly two fixed points. One at infinity, and zy which is close to the branch of

y = ®(x) with negative slope.

(2) There exists an annular region R surrounding zp with thickness less than /e such that
any point z # 2 enters in R after sufficiently many iterations of P, and stays there. In

particular R is P,—invariant.

(3) The points of R circulate clockwise” with respect the point zy under the iterates of P,.

Let IT : R x[0,1] — R be the natural projection. That is, II|jg 2r)x[0,1] : [0, 27) x[0,1] — R
is a homeomorphism, II is periodic of period 27 with respect to the first component and II(x, y)
moves “clockwise” as x increases. Moreover, I can be taken in such a way that if II(x,y) = 2
with z € [0,27) and y € [0, 1] then z is the “clockwise” angle of the vector z — zp with respect
the horizontal line passing through zg. In what follows, we shall fix a lifting P, : R x [0,1] —
R x [0,1] of the map P,|g. That is, B, is a diffeomorphism such that P, oIl = 1o P,. Let
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71 : Rx[0,1] — R denote the projection map with respect to the first component. Take z € R
and Z € IT71(2). Then, the real number
m(P(2)) — m(2)

=i
(2) zlglo )

Pﬁb

will be called the rotation number of z with respect to B, if it exists. We note that this limit is
the average angle by which the point z rotates under iteration of the map P, with respect to
the fixed point 2o (see (3) above). Let Q C R be a P,—invariant set. The rotation set of ) with
respect to P, is defined to be the set of all rotation numbers of all points from  with respect to

Py.

The following theorem summarizes Levi’s results on the system (1.2.3) (see [30]).

Theorem 1.2.1 The interval [by, bs] can be decomposed into union of alternating closed, proper

disjoint intervals Ay and By separated by gaps g and gy as follows:
[bl,bg] = A U g1 U B, UglUAgUggU,...,Ugn_lUAnUgnUBn.

Moreover,

(a) For b in Ay we have:

(a.1) Py, has one pair of periodic points of period 2q — 1 where q = q(e, k) ~ 1/e remains
constant through the interval Ay, and q(e,k + 1) = q(e, k) — 1, (i.e. the period of the

these points decreases as b increases).
(a.2) One of the two points is a sink and the other a saddle. Moreover, any point which

lies off the stable manifold of the saddle (except for the unstable fixed point of Py)

tends to the sink under forward iterations.

(a.8) The rotation set of R is {27/(2q — 1)}.
(b) For b in By, we have:

(b.1) The minimal attractor set of Py is the union of a hyperbolic Cantor set and two pairs
of periodic points, one of these pairs has period 2q + 1 and the other one has period
2q—1. Each of these pairs consists on a sink and a saddle. Moreover, the two saddles

belong to the Cantor set.
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(b.2) The rotation set of R is [2m/(2q + 1),27/(2q — 1)].

(c) There exists b* in gi (respectively in gi) such that Py has a nondegenerate homoclinic
tangency. Moreover, there exists a small £ > 0 and an open subset B in Bf = [b*,b* + &)
(respectively B = (b* — &,b%] )such that for b € B \ Be, Py is structurally stable. The set
Bg \ B¢ consists on infinitely many components, to which there correspond infinitely many

different (structurally stable) types of P.

In order to complete statement (c) of Levi’s Theorem we study how the Cantor set appearing
in the statement (b) and its rotation set associated are formed when b crosses a bifurcation gap
gr or gi. This is achieved in the next theorem. We will only state the theorem in the case of
the interval g,. The situation for an interval g is symmetric. In the rest of the chapter we will

use freely the notation introduced above and, in particular, the one from Theorem 1.2.1

Theorem 1.2.2 For each b € g the map P, has one pair of periodic points of period 2q — 1;
a sink and a saddle. Moreover, there exist a countable sequence {bﬁ}%o:o C gr satisfying the

following properties:

(a) For each bf the minimal attractor set of By, contains an invariant hyperbolic Cantor set,

denoted by C’,’j, to which the saddle point belongs.

(b) For b > bE, the minimal attractor set of P, contains an invariant hyperbolic Cantor set,
denoted by C’:’k, which contains the saddle point of Py, such that Pb|cn,k is topologically
b

conjugate to Py |cr. Moreover, if bE < bk then Cl‘;;k c Ck.

(c) For each bt there exists a rational number of € [—1,1] such that for b > bk the P,—rotation
set of Cgl’k is the closed interval [2m/(2q+ k), 27 /(2 —1)]. Moreover {ak}2 = (—1,1]N
Q.

In view of the above two theorems, the bifurcations of P, when the parameter b crosses g
from A to Bj can be explained in the following way. When b is close to Aj; the dynamics
of the map P, is the same as when b lies in Ay (see Theorem 1.2.1(a)). This is the situation
until b reaches the parameter value b* from Theorem 1.2.1(c). At this point the map P, has
a non-degenerated homoclinic tangency and, in consequence, there exists a wild hyperbolic set

by the well-know result of Newhouse [26]. Therefore, all parameter values b¥ considered in
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Theorem 1.2.2 must be larger than or equals to b* and accumulate to b** > b*. Then, for

b > b™, the minimal attractor set of P, contains an invariant hyperbolic Cantor set which

o0

is enlarged each time that b crosses one of the parameter values from the sequence {bF1°°

(see Theorem 1.2.2(a)—(b)). As it will be shown later, the dynamics of the system on each of
these Cantor sets can be deduced from a subshift of finite type with a certain transition matrix
which can be computed explicitly by using one dimensional techniques (see Corollary 1.4.5 and
Remark 1.4.6). Finally, when the parameter b is sufficiently close to By the dynamics of the
map P, is the same as when b lies on Bi. Moreover, P, possesses an invariant set, strictly
contained in the minimal attractor, with P,—rotation interval [27/(2¢ + 1),27/(2¢ — 1)] (see
Theorem 1.2.1(b) and [30]). The transition of the rotation interval of the system from the point
27/(2q + 1) into the interval [27/(2¢ + 1), 27 /(2q — 1)] is also described by the rotation intervals
of P, restricted to the Cantor sets C}' ok (see Theorem 1.2.2(c)). The study of the Van der Pol
system will be based on the study of the bifurcations of a two parameter families of degree one
circle maps (see [4] and [?]). Due to the strongly one dimensional character of the Van der Pol
system we can transfer the information on the bifurcations, from the one dimensional models to
the two dimensional one.

This chapter is organized as follows. In the next section we shall summarize the Levi’s results
we are using. Then, in Section 1.4 we prove Theorem 1.2.2(a)-(b). To prove Theorem 1.2.2(c)
we shall summarize preliminary results about rotation intervals and twist orbits of circle maps
of degree one. This will be done in Sections 1.5 and 1.6. Afterwards, in Section 1.7 we prove
Theorem 1.2.2(c). In Section 1.8 we study the bifurcations of a simpler (piecewise differentiable)
version of Levi’s circle maps family defined in Section 1.3. This model already captures the
essential features of the Levi’s one and has the advantage that the study of its bifurcations can
be done in a more complete way than for the Levi’s circle map family. In particular, for these
maps we are able to characterize the appearance of Cantor sets when the parameter crosses the

interval gi. Finally, in Section 1.9 we give some cloncluding remarks.

1.3 Levi’s results

In this section, for completeness, we give a more precise description of the map P,. Levi takes
a region W (see Figure 1.3.1) , which will be called ”the window”, bounded by the boundaries
of R, by a horizontal line { joining the boundaries of R and its image P(l).
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Figure 1.3.1: The window region W and its evolution.

The crucial property of W is that the iterates of any point z # zy pass thought W, and
do so repeatedly. It suffices, therefore, to trace the evolution of W under P,—iterations. The
description of this evolution plays a major role in the understanding of the dynamics of the
system; it is depicted in Figure 1.3.1 where the positions of W at different times are shown.

To determine the qualitative behavior of the map P, we must determine how the future
iterates of the window W intersect WW. To that end, we consider the window map Ny, : W — W
defined by z — Pg (z) where j = j(z) > 0 is the smallest integer for which Pg (z) € W. The only
piece of information we lose considering Ny instead of P, is the integer-value function j(z). So we
will have to keep track of it. The advantage of looking at the window map N, instead of P, lies
in its simplicity. This simplicity is further enhanced by the symmetry properties of the damping
and forcing functions ®(x) and p(t), which imply that the window map N, is the second iterate
of the "antipodal half-period” return map M, : W — W defined as My(z) = —Z(mT + %, 0,2),
where m = m(z) is the smallest integer for which —Z(mT + £,0,2) € W. To see this we have

the following lemma due to Levi (see [30] and Figure 1.3.2).
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Figure 1.3.2: The evolution from the map M, of a vertical line [ C W.

Lemma 1.3.1 The map Ny is equal to My o My. Moreover, there exists ¢ > 0 such that
T T
Mb(z) € {_Z((2q + 1)57 07 2)7 _Z((2q - 1)57 07 Z)}

for all z e W.

Now, we give some of the notions used by Levi to prove Theorem 1.2.1.
Let A = S! x [0,1] be the standard annulus. The study of the map P, can be reduced to the
study of the annulus map

Ly=L(.,b,8,61): A — A,

depending on three parameters, namely, b € [by,b2], 0 < § < § and 0 < §; < ¢}, which satisfy
the following properties.

Let II; : A — S! denote the vertical projection on the first component. For each o € [0, 1]
we denote by f; »(z) the circle map f(z,b,0,6,01) = II; o Ly(x,0) (see Figure 1.3.3). Then we

have:

(L.1) |fo.o — foor] <9 in the C° norm in z, for all o, o’ € [0,1].
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Figure 1.3.3: The circle map f .

(L.2) There exist v > 1,9 > 32, C > 0 and two intervals A C A; C S! whose endpoints depend

on b, 0 and d; (not on o) such that |A;| < 0; and for all o € [0, 1] it follows:

(1) fpo(x) > Uy for all x € A.

(i) —1+C < fy ,(v) < —1/yforall z € S\ A;.

(L.3) The oscillation (in z) of f; , on each of the two components of A;\ A is less than (6, 1),

which is independent on b and lims 5, 9 0(d,01) = 0.

(L.4) For some o € [0,1] we have —%(f(z;(b),b,0,0,61) — 2}(b)) > w(8,61) > 0 for i = 1,2,
where x1(b), z2(b), 2} (b) and x4(b), are the endpoints of A and A respectively (labelled
in such a way that A = [x1(b), z2(b)] and Ay = [ (b), x4(b)] ), all differentiable in b and
w(0,d1) is independent on b (see Figure 1.3.3).

(L.5) Ly has a inverse on Ly(A).
(L.6) The map L, ! in Q = A x [0, 1] maps vertical strips into vertical strips.

The relation between L; and P, can be described as follows. There exists a homeomorphism
h from A into W such that L, = h~' o My oh. Then Lemma 1.3.1 gives the relation between the
map Py of the phase plane of the system (1.2.3) into itself and the annulus map L;. Moreover
there exists a positive integer m = m(e) such that, for each Lp—invariant set Q C A, we have

that U, Pi(h(Q)) also is P,—invariant. Then, the P,—rotation number of a point h(z) € R
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with z € A can be obtained from the Lp—rotation number of z as we shall show next (see
Remark 1.3.3). In a similar way as we did for the map P, we shall fix a lifting Ly of Ly to the
covering space R x [0,1]. Then as usual, the Ly—rotation number of a point z € A is defined to
be the limit _

() = iy B =m )

1—00 2

if it exists, where Z is a point in R x [0, 1] projecting to z by the standard projection map (e, id)
with e(z) = exp(2miz). Let E(.) denotes the integer part function, then we note that this number
can also be computed as limiéw(zz'-zl d;’-)/z', where d;’- = E(m (INJ{,(Z))) — E(m (Eg‘l(z))).

In the sequel we denote max{d’,;} by &. The following lemma is due to Levi [30].

Lemma 1.3.2 There exists a lifting L, of Ly such that, if 6 is small enough, then for all
o € [0,1] we have 1 + C < m(31(0)) — m1(32(0)) < 2 — C where Z(0) = Ly((Z:(b),0)) for
i = 1,2, 2;(b) is such that e(Z;(b)) = x;(b) for i = 1,2 and |z1(b) — T2(b)| < 1. The constant

0 < C < 1 is independent on b, and 6.

In the sequel we shall assume that the lifting Eb of Lj we are working with is the one from

the statement of Lemma 1.3.2.

Remark 1.3.3 From the above lemma it follows that each map f;, has degree one and that
d;’- € {0,1} for all b € [by,bs] and j > 1. Now set 7(t) = 1 — 2¢ for ¢ € {0,1}. From Levi [30]
it follows that if for some z € A the L,—rotation number exists and 3 is small enough, then

P (h(2) = iy o 2 /(2 + (Siey 7(d8) /)] = 27/(2 + 1~ 207 (2)). 0

Next we characterize the intervals Ay, By, g, and gi in terms of the circle maps f; ,. For
x,y € S! we denote by [z,y] (respectively (x,y), [x,y) and (z,y]) the closed (respectively open,
open from the right and open from the left) arc from z to y counterclockwise. Such an arc will
be called a closed (respectively open, open from the right and open from the left) interval of S*.
If A is a proper interval in S! we also will use the notations inf A and sup A in the obvious way.

Let A; denote the open interval (2 (b) — o(6, 1), 24 (b) + 0(,81)). Then, one and only one

of the following three cases occurs for f, (see Figure 1.3.4):

Case A. The set f,| 01(51) N A is an interval such that its endpoints map onto the endpoints of

81 and its image is 81.
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~<—— (Case A
<+— Case g

Case B

Figure 1.3.4: The three cases for fbp(ﬁl).

Case g. fyo(7;) € Ay, for some i € {1,2} (i.e. the set fb_al(ﬁl) N A is a union of two disjoint
intervals such that the endpoints of one of them map onto the endpoints of A and the

image of the other one is strictly contained in 81)

Case B. The set f 01(51) N A is a union of two disjoint intervals such that the endpoints of

both of them map onto the endpoints of A and their images are A.

Let A, g and B be the sets of values of b € [by, bs] for which the corresponding alternative
holds. Then, since the endpoints of f; ,(A) move monotonically (clockwise) with respect to
the endpoints of Ay (see (L4)), the set A (respectively B and g) can be written as Uper, Ag
(respectively Uper, Br, and (Uker,gr) U (ukefggk)), where each of the sets Ay (respectively By,
gr and @) is a connected component of A (respectively of B and g), in such a way that the

intervals Ay, By, gr and i alternate as stated in Theorem 1.2.1.

1.4 Proof of Theorem 1.2.2(a)-(b)

To prove Theorem 1.2.2(a)—(b) we shall employ the techniques used by Levi in the proof of

Theorem 1.2.1(a)—(b) to translate the results concerning the circle maps family to the two
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B J VS .

x1(b) Iy » Apo Jb,o Uuq(b)

Figure 1.4.5: The map f;, in AL

dimensional setting. Thus, we only will prove in detail the results on the family f; , which are
necessary to prove Theorem 1.2.2(a)—(b).

We start by constructing the sequence of parameter values appearing in the statement of the
theorem. First we have to fix some notation.

Note that for each b € Ay U gy there exist up, € Int(A) depending continuously on b such
that up, is a unstable fixed point of f,, (see Case A, Case g and Figure 1.3.4). Then, for

o € [0, 1], we define

ag sup{b € gi. : fo,o(x1(b)) = upo} and,

B = inf{b€ gp: foo(z1(b) = x| (b) — 0(5,61)}

In view of (L4) we see that o < 3%,

In the sequel we shall denote the closed interval [z (D), up,] C A by AL. We note that for
b€ (ak, B%) we have that o, ;(Ag )N AL is the union of two closed disjoint intervals I, , and Jj
such that z1(b) € Ipo, Upo € Joo, fr.o(Jbe) = AL and foopo) C AL (see Figure 1.4.5). Let
Ay » be the open interval AL\ (Ip,o U Jp»). Observe that f, ,(sup Ap ) = 21(b), fo,o(inf Ap ) =
Upo and fp o (Apo) = St \ Ag.
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Let
Wyo ={x € AL fg,o(:n) € Ap, for some i € ZT} = U;')iofb_,é(Abp) NAEL

Lemma 1.4.1 For all o € [0,1] and for all b € (o, B¥) there exists {Kf’o ©, C AL a count-

o’

L 00

able sequence of open (in AL) disjoint subintervals of AL, such that Wiyo = Ullef’U

Proof. It uses a standard argument. Clearly, W}, is open in AL, Then, we only have to prove
that W), is dense in AL. Suppose not. Then D = AL\ Cl(W},,) is a countable union of open
intervals (in AL). Number these intervals and let d; be the length of the i—th one. Each d; is
positive and > 2, d; < 1. So lim; .o d; = 0. Hence there is an iy such that d; < d;, for all 1.
Now, observe that f, ,(D) C D and that the image of the ig—th interval of D by f , is a larger

interval because f] |a > 1; a contradiction. I

In the sequel we shall assume that the sequence {Klb 7120, is labelled in such a way that if

n < m, then sup Kff’ < inf Kf;f. Note that the whole sequence depends on b and o.

Now, set Kg’a = (2} (b) — 0(8,61),21(D)). From (L4) we have that for each n > 0 and for all
o € [0,1] there exists b7 , € (ak, k) such that f;,,(Ipo) N KS" # 0 for all b > by, ) and b7 is
the smallest one having this property.

In view of Lemma 1.4.1 and the definition of W, for n > 0 there exists | = [(n) € Z" such
that fli ,(KY9) = Ay ,. Additionally, we set [(0) = 0. The following result will be crucial in the
proof of Theorem 1.2.2(a)—(b).

Proposition 1.4.2 Letn > 0 and let b € (b;’hk,ﬂfj). Then there exist a set RZ"; such that

(a) RI;L’(;; is union of Ry, ..., Rypn)42, a finite sequence of closed disjoint intervals in AL \ Ap»

whose endpoints are preimages of x1(b) or up, by foe for some m > 0.

(b) If foo(x1(b)) € Int(KL), then the closed fy ,—invariant set AL\ Wy, is strictly contained

. b,o
mn Rn,k'

Proof. If n = 0 then the proposition holds trivially by taking Ry = I, , and Ry = Jp,. Assume
n > 0. Clearly, there exists z € (x1(b), inf 4, ,) such that f,,(2) = sup K% (see Figure 1.4.5).
Observe that for all m such that 0 < m < I(n), fg:},(KfL’U) is an open interval (in AL) whose

endpoints map onto the endpoints of =" (K2). The complement of [z1(b), z)U(UE(:nO) fg’o(Kf;"))

Nea
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b,o
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Figure 1.4.6: The sets RZ’?€ and Rgfk

in AL is union of I(n) 4+ 2 closed pairwise disjoint intervals. Call them Ry,... s Rin)42- By
construction this sequence satisfies (a). Assume now that f, ,(x1(b)) € Int(K2%). Then the

complement of RZ’; in AL is strictly contained in Wy . From this, statement (b) follows. I

Remark 1.4.3 Let 85 > b > by > b, - Then, Proposition 1.4.2 gives us two different

sequences of intervals. Namely, RZ”‘; = Uﬁ(:nl)HRi and R%’rk = Ué(:"{)wéi. From the construction
of the sets RI;L’S; and Rgfk (see Figure 1.4.6) it is not difficult to see that {(n) > I(m) and that
there exist {k1, k2, ..., kjgny42} C {1,2,...,1(n) + 2} such that R; N f ,(R;) # 0 if and only if

Ry, N foo(Ry,y) # 0 for i,j € {1,2,...,1(m) + 2}. O

Now we are ready to define the sequence of parameter values appearing in the statement of
Theorem 1.2.2.

In the sequel we shall assume that ¢ is such that Proposition 1.4.2 holds.

In view of (L4), for § > 0 small enough there exists 7, > 0 such that for all b > by, .+ 1o we
have f, 5(Ip o) N K27 # 0 for all o € [0,1]. Then we define b% as sup,, bk + Mo

Now, the proof of Theorem 1.2.2(a)-(b) follows directly from the following results.
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Proposition 1.4.4 Let b € g, with b > bE and let RZ’; = UE(:nl)HRZ-. Then for & > 0 small
enough there exists a finite sequence Vlb, .. .,Vll(’n) 42 of disjoint vertical strips contained in Q

such that VP N Lb(ij) # 0 if and only if R; N fpo(R;) # 0.

Proof. The Implicit Function Theorem implies that v, is a smooth function in o. First we claim
that for a fixed b, (up,,0) considered as function of o is a vertical curve in Q. To prove the
claim, fix b and o. From Case g we know that, if b € g, then there is a closed interval bea CA
such that uy, € Vbl’o, fb,U(Vbl,o) = A and the endpoints of Vb%o map onto the endpoints of A.
Now we set V}f’o = fb_al(Vb’;l) N V}%o for all ¢ > 2. It easy to see that V}f’o D Vb’;;rl and up , € V}f’o
for all 4 > 1. From (L2)(i) it follows that the limit of the length of VbZ , as i tends to infinity is
zero. Then, ﬂ;’il‘/}fa x {o} = (w0, 0). Now, set Vi = UJE[OJ}V})’;J x {o} for all ¢ > 1. Clearly,
V' is a vertical strip and V* D V! for all 4 > 1. Moreover, the width of V? tends to zero as i
tends to infinity. Then, by a standard result (see for instance Guckenheimer and Holmes [16];

Lemma 5.2.1) we get that
Vo =2 V=02 [Useo)Vie X {0 = Useo)N21Vie X {0} = Ugelo,1) (U0, )

is a vertical curve. This ends the proof of the claim.

Our next step will be the construction of the set of vertical strips. Assume that b > b%.
Then Proposition 1.4.2 holds for all o € [0,1] and f; , # 0 on each interval R;. Therefore, from
the Implicit Function Theorem we get that the endpoints of R; are smooth functions in o. Let
v? = U, (inf R;, o) and w? = U,(sup R;, 7). Then, by the construction of the sets R;, we have
that v and w? are pre-images of the vertical curves (upy,0) and (z1(b), o) under L, (or L
for some m > 0). Then by (L6) and by using the same techniques employed by Levi in the
proof of Theorem 1.2.1 (see [30] pp.76-86) we obtain the vertical character of v? and w’. Let
VP = [v?, wl] x [0,1]. By construction we have VibﬂLb(ij) # 0 if and only if R;N fi, »(R;) # 0. B

Now, for each bf we define the (I(n) + 2) x (I(n) + 2)-matrix, TF = (¢;;) by t;; = 1 if
Vib N Lb(ij) # () and t;; = 0 otherwise. Then, we denote by Elﬁl the set of infinite sequences

a = (a;)2_ such that a; € {1,2,...,1(n) +2} and t4,q,,, = 1 for all i € Z. The next corollary
follows in the standard way (see Moser [37] pp.76 and Levi [30] pp.78).

Corollary 1.4.5 For b > b’ﬁl there exists an Ly-invariant hyperbolic Cantor set S;’k, which

contains the saddle point of Ly, such that Ly| gk 18 topologically conjugate to the standard shift
b
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map on XX, Moreover, for each z € S;f’k there exists a unique a(z) € X% such that Li(z) € VP

for alli € Z.

Remark 1.4.6 We note that by Proposition 1.4.4 we can compute the transition matrix T by
using the one dimensional map f, , and the construction of the set RZ’:Z given in Proposition 1.4.2.
Moreover, from Remark 1.4.3 we obtain that if & > b > bk then there exists an injective map
i: ¥k — ¥k which commutes with the standard shift maps on the spaces ¥, and ¥ (i.e. XF

: k
is a subsystem of 7). O

Proof of Theorem 1.2.2(a)-(b). Theorem 1.2.2(a) and the first assertion of Theorem 1.2.2(b)
follow immediately from Corollary 1.4.5 and the relation between the maps L, and F,. In
view of Remark 1.4.3 and the proof of Proposition 1.4.4 we obtain the second assertion of

Theorem 1.2.2(b) in a similar way. I

1.5 The rotation interval

In the whole memoir we shall deal mainly with continuous circle maps. To study them it is useful
to use the equivalent framework of the liftings associated to the given circle map rather than
the circle map itself. The main advantages of this choice are that one is able to draw pictures
easily and that the points of the space have a total ordering. Then, it is easier to describe where
a point lies or which is the image of an interval. Now, we shall introduce the notion of a lifting.

We denote by e : R — S! = {z € C : |z| = 1} the natural projection e(z) = exp(2miz). A
continuous map F : R — R is called a lifting of a continuous map f : S! — Sl ifeo FF = foe
(such a map always exists; see Wall [39]). Therefore F'(1) — F(0) is an integer independent of
x. This integer is called the degree of f, and is denoted by deg (f).

In this memoir we concentrate on the circle maps f of degree one. Thus we will denote by
L the class of all liftings of continuous maps of the circle into itself of degree one. That is L is
the class of all continuous maps F': R — R such that F'(z + 1) = F(z) + 1. It is not difficult
to see that F'(z + 1) — F(x) is an integer independent of x. This integer number is called the
degree of f.

In the next proposition we describe some of the basic properties of the liftings of circle maps

of degree one (see [2]). By F + k we shall denote the map defined by (F' + k)(z) = F(x) + k.
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Proposition 1.5.1 Let f be a circle map of degree one and let F' be a lifting of f. Then the

following statements hold.

(a) The map G is a lifting of f if and only if G = F + k for some integer k.

(b) F*(z + k) = F*(z) + k for all x € R,k € Z and n > 0. In particular, F™ € L for each

n > 0.

(c) (F+k)"(x) =F"(z)+nk for allz € R,k € Z and n > 0.

We shall say that a point z € R is periodic (mod. 1) of period q with rotation number p/q
for amap F € L if FI(z) —x =pand Fi(z) —x ¢ Zfori =1,...,q — 1. A periodic (mod. 1)
point of period 1 will be called fized (mod. 1). Clearly, if F' is a lifting of f, then x is periodic
(mod. 1) for F' if and only if e(x) is periodic for f and their periods are equal.

We advise to the reader that most of the results we are quoting from other authors will be
written in terms of class £ unlike the original versions are stated for circle maps of degree one.

The notion of rotation number was introduced by Poincaré [38] for homeomorphisms of the
circle of degree one. This notion will be used to characterize the set of periods of circle maps of

degree one. The following Theorem is due to Poincaré (see [38]).

Theorem 1.5.2 Let F' € L be such that F is increasing. Then

F*(z) —
lim %) =2
n—00 n
exists and it is independent of x.
Remark 1.5.3 Theorem 1.5.2 holds also for non-decreasing maps from L (see [37]). O

From Theorem 1.5.2 and Remark 1.5.3 it follows that to every non-decreasing map F € L

W, which is called the rotation number of

we can associate a real number p(F') = lim,
F. Vaguely speaking, p(F') is the average angular speed of any point moving around the circle
under iteration of the map. We note that p(F') is a topological invariant of F. That is, if F' and
G are topologically conjugate (i.e. there exists an increasing map h € £ such that Foh = hoG)

then p(F) = p(G). Poincaré also proved that F' has a periodic orbit if and only if p(F') € Q.
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% may not exist and if it exists it

We remark that for a general map F' € L, lim,_,
may depend on the choice of the point . This motivates the following extension of this notion
due to Newhouse, Palis and Takens (see [28]) to each map F' € L. For F' € £ and = € R we set

. F(z) —x
pr(z) = plz) = lim sup T =T

n—00 n
The following Proposition follows from [2].
Proposition 1.5.4 Let F € L and x € R. Then the following hold.

(a) prir(x) = pr(x) +k for allk € Z

(b) prm(x) = mpp(z).

(c) If t € R and k € Z, then pp(x) = pr(x + k).

(¢) If x is a periodic (mod. 1) point of F with rotation number p/q, then pp(x) = p/q

We denote by Rp the set of all rotation numbers of F. Ito (see [18]) proved the following

result about the set Rp.
Theorem 1.5.5 Rp is a closed interval of the real line, perhaps degenerated to a single point.

In view of Theorem 1.5.5 the set Rp will be called the rotation interval of F. Also, for an
F—invariant set A C R (i.e. F(A) C A) weset Rp(A) = {pr(x): x € A}. Notice that in general

Rp(A) need not be neither closed nor connected.

1.6 Twist orbits

When looking at periodic points of circle maps sometimes it is useful to look at the set of all
iterates of the point under consideration. In our framework this means that we have to look at
the set of all points projecting on the iterates of the periodic point under consideration. This
motivates the following definition.

Let F' € £ and let € R. Then the set {y € R : y = F"(z)(mod. 1) for n = 0,1,...} will
be called the (mod. 1) orbit of x by F. Clearly, if F is a lifting of f, P is a (mod. 1) orbit of F,
and 2 € P then P = e ({f"(e(z)) : n > 0}). We stress the fact that if P is a (mod. 1) orbit
and x € P, then x + k € P for all k € Z.
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It is not difficult to prove that each point from an orbit (mod. 1) P has the same rotation
number. Thus, we can speak about the rotation number of P.

If z is a periodic (mod. 1) point of F of period q with rotation number % then its (mod. 1)
orbit is called a periodic (mod. 1) orbit of F' of period q with rotation number %. If P is a (mod.
1) orbit of F' we denote by P; the set PN [i,i+ 1) for all i € Z. Obviously P; =i + Fy. We note
that if P is a periodic (mod. 1) orbit of F' with period ¢, then Card(F;) = ¢ for all i € Z.

Let P be a (mod. 1) orbit of a map F' € £. We say that P is a twist orbit if F' restricted to
P is increasing. If a periodic (mod. 1) orbit is twist then we say that P is a twist periodic orbit

(from now on TPO). The following result gives a geometrical interpretation of a TPO.

Lemma 1.6.1 Let P={...,x_9,2_1,20,%1,%2,...} be a TPO with period q and rotation num-

ber p/q and assume that x; < xz; if and only if i < j. Then (p,q) =1 and F(z;) = Titp.
The following result generalizes Theorem 1.5.2 to twist orbits.

Remark 1.6.2 We note that if P is a twist orbit then the rotation number of P can be computed

@)= for each z € P. O

by limy, o —

In [10] the following result is proved.

Lemma 1.6.3 Let F' € L. For all a € R there exists a twist orbit P of F' with rotation number

a. Moreover P is contained in a union of closed intervals in which F' is increasing.

For a map F' € £ we define maps F; and F, by (see [29], [3] and [10])

Fr(z) = sup{F(y) : y <z},
Fi(z) =inf{F(y) : y > }.
Proposition 1.6.4 The maps F,, F; belong to L and are non-decreasing.

The map F, may be characterized as the smallest non-decreasing map in £ greater or equal
than F. Similarly F; may be characterized as the largest non-decreasing map less or equal than
F (see Figure 1.6.7). It is easy to see that F; and F, coincide if F' is non-decreasing. Otherwise

there exists intervals on which F;. is constant and strictly greater than F' and there exists intervals
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Figure 1.6.7: The maps F; and F;..

on which Fj is constant and strictly smaller than F. Since F, and F; are non-decreasing, from

Theorem 1.5.2 they have unique rotation number. Thus, the numbers

a” (F) = lim; T(F}(X) — X),
at(F) = lim; o +(FH(X) — X),

7 r

are well defined. The next lemma shows the relation between the rotation numbers of F., F; and

the rotation interval of F. The proof is due to Misiurewicz (see [?]).

Lemma 1.6.5 For a map F € L we have Rp = [a™ (F),at(F)].

1.7 Proof of Theorem 1.2.2(c)

Prior to start the proof of Theorem 1.2.2(c) we have to introduce some notation and state some

preliminary results. In the sequel we shall denote the f;, ,—invariant set ALY\ Wh.o by Ap o
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Proposition 1.7.1 Let b > bf, b € g.. Then for each o € [0,1] there exists an open interval
Ik C (ak, BE) satisfying that for all ¢ € I there exists a homeomorphism ¢ : Sl?’k — Aeo

(here we use the notation from Corollary 1.4.5) such that ¢5 0 Ly = fe o 0 ¢o-

Proof. Recall that for each o € [0, 1] there exists by, ; such that fbfl,k,a(xl(bz,k)) = sup( Zz’k’g).
Then there exists #, > 0 such that for all ¢ € I"* = ( ks U i + Ko) we have that feo(z1(c)) €
Int(KS57). Let RfL‘; = Ui(:nl) T2 R; be the sequence of intervals constructed in Proposition 1.4.2.
Take z € S{f’l. Then, by Corollary 1.4.5, there exists unique a(z) € X such that Li(z) € V,_,
for all ¢ > 0. We recall that V,_, = Uy(Rs_, X {o}) and Ly(V,_,) N V,_, , # 0 if and only if
fo.o(Ra_;) " Rq_, , # 0 (see Proposition 1.4.4). Now, for ¢ > 0 we define the set R, ;. q, as
Ra7i+1___a0ﬁfl)_’;(Ra7i). By Proposition 1.4.4 we have that R,_, 4, #0and Ry, | ay C Ra_;..a0-
Moreover, for each ¢ > 0, the set R, ;. 4, is a closed interval in Ag and the diameter of R, , 4,
is smaller than or equal to (9¥7)~" because fI; ola > Uy > 1. Therefore, N2 R,_,. .4, contains a
unique point z(z,0) € R,,, such that fg’o(:n(z,a)) € R,_, for all i > 0. Hence, {z(z,0) : z €
Sl]f’l} C Acs. Moreover, from Proposition 1.4.2(b) it follows that {z(z,0) : z € S{f’l} = Aco.

Lastly, the map ¢,(z) = z(z,0) is a homeomorphism. 1

From the above proposition and its proof we have that the twist periodic orbits of period s
and rotation number /s of the map f., in A, for ¢ € I'* correspond to (r/s)—Birkhoff orbits
of the annulus map Ly in S;* (see [21]).

In what follows we shall fix a lifting F} , of the circle map f;, by setting Fy, = m o Zb
(where m and Ly, are defined in Section 1.2 and 1.3, respectively). Then from Proposition 1.7.1

we obtain inmediately the following result.

Corollary 1.7.2 Let z € Sl?’k. Then for all ¢ € I"* we have that pr(z) = pr.,(2), if it exists,
where Z € e~ (¢, (2)).

In view of the above corollary we see that the computation of the rotation set of ng,k
reduces to the computation of the rotation set of Fbﬁ]eq( Apo)- Unfortunately, this rotation set
is different from the rotation interval of F; ,. However, from the family f; ,, it is possible to
obtain a logistic family of circle maps of degree one such that they still have Ay, as invariant
set and the rotation interval of these maps coincides with the rotation set of e™1(Ay,). This is

achieved simply by modifying the maps f; , in such a way that they loose the differentiability
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Figure 1.7.8: The logistic family of circle maps

at the endpoints of A. To be more precise, we define h. = h(.,c,0) : S — S! with ¢ € [by, by]
such that (see Figure 1.7.8):

(ALS1) h. depends continuously on c.
(ALS2) The map h, satisfies (L2) and (L4) with A = A;.

This family of maps was used by Alseda, Llibre and Serra [4] to study the bifurcations of
the Levi’s circle maps at the level of the set of periods.

In the rest of this section we shall use, for the family h. (and their liftings H.), the notation
and definitions introduced in the preceding sections extended in the natural way.

From (ALS2) is easy to see that the unique h.—invariant set strictly contained in A is
Acs. Moreover, if ¢ € I™* then by Proposition 1.7.1 and Corollary 1.7.2 we have that the
Eb—rotation set of Sl?’k coincides with the H.—rotation set of e‘l(Acp). We note that by a
change of variables, if necessary, we may assume that e(0) = z1(c) for each ¢ € [by,b2]. Then
we denote by Xy(c) the unique element of [0,1) Ne™!(za(c)). Let A, be the set of all (mod. 1)
orbits of H, contained in e~!(A).

The next result states that the H.— rotation set of e_l(AcJ) coincides with Ry, , which is

the property we are looking for. It follows from Theorem B of [29], the proof of Theorem 2 of
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[10] and the Theorem B of [5].
Theorem 1.7.3 For the maps H. € L we have:

(a) The maps ¢ — a~ (H.) and ¢ — a™(H.) are continuous.

(b) Let a € Ry,. Then there exists a twist orbit of H. with rotation number a contained in

e Y (A). That is, Ry, = Ry, (A.).

(¢c) If a=(H.) € R\ Q (respectively a™(H.) € R\ Q) then {H?0):n € ZT} C e }(A) and

lim lH;f,(O) =a (H.)

1—00 1

(respectively {H!(Xa(c)) :i € Zt} C e 1 (A) and

N
lim —(H(X(e)) — Xa(e) = a* (H.) ).
The following two lemmas allow us to study the Eb rotation set of S; F Let U, be the

unique element of e~ (u. ) N[0,1).

Lemma 1.7.4 Let ¢ € ™. Then a*(H,) = 1, a~ (H.) € Q and the Ly—rotation set of Sj"* is
equal to [a™ (H.),1].

Proof. Without loss of generality we may assume that H.(0) € [0,1). Since H|.-1(s1\a) I8
strictly decreasing we have that (H.),(X) = H.(X2(c)) for all X € [X3(¢),1]. By Lemma 1.3.2
and (ALS2) we see that (H.);(Ue») = Uc» + 1. Therefore, a™(H,) = 1.

We note that in the proof of Proposition 1.7.1 the definition of I™* the set K&° and the
point z1(c) depend only on f.,|a. Hence, in view of the definition of the family h. and since
c € I™F, it follows that h.(z1(c)) € Int(KS%). On the other hand, since h.(A.,) = S\ AL
there exists j > 0 such that H7(0) € e71(S!\ A%). Moreover, for each X € e71(A\ AL) there
exists some i > 0 such that H(X) € e~ }(S'\ A) because Hc|o-1(a\ary is strictly increasing and
Ue» is a unstable fixed (mod. 1) point of H.. Therefore, HZ(0) € e~1(S!\ A) for some j > 0.
Hence, from Theorem 1.7.3(c) we get that a= (H.) € Q.

From the construction made in Section 1.4 we see that the definition of Ag and A, , depend

only on fe,|a. Thus, e(A.) C AL Since fyo(Aco) = S'\ AL, from (ALS2), we have that
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e(/NXC) = Acs. So, from Corollary 1.7.2 and Theorem 1.7.3(b) it follows that the Ly—rotation set
of S]F is [a~ (H.), 1]. B

Lemma 1.7.5 For each a € [0,1) there exists ¢ € (¥, 3%] such that a=(H.) = a. Moreover,
for each ¢ € (o, B¥] we have that a=(H,.) € [0,1).

Proof. From the definitions of o and 3% we have that for ¢ € (o, 3%] we may assume, without
loss of generality, that H.(0) € (Uey — 1,Uc).

We recall that, for ¢ € (bg’k,ﬁg] we have h.(x1(b)) € S\ AL. Then, H.(0) < 0. Thus, there
exists ﬁc,g € [0, U.,»] such that Hc(ﬁc,g) = [70,0. We have that H.(1) = H.(0)+1 > U., > (7070.
Therefore, by the definition of H,. we have (H.);(Ueo) = He(Ueo). So, a~(H,.) = 0.

Let ¢ = af. Then, H.(0) = Ueo. Clearly, (H.);(Uey) = He(Uey) = Uqo + 1. Thus,
a” (H.) = 1. Then, in view of Theorem 1.7.3(a), the first statement of the lemma follows.

Since H.(0) < U, it is not difficult to see that for ¢ € (alg,ﬂﬂ , (He)i(X) < X +1 for all
X € R (recall that H.(U.r)) € {Ueo, Ueo +1}). Hence a™(H,) < 1. 1

Proof of Theorem 1.2.2(c). From Lemma 1.7.4 and Remark 1.3.3, we get that the B,—rotation
set of Cgl’k for ¢ € I™* is the closed interval [27/(2¢ 4+ 1 — 2a~(H,)),27/(2¢ — 1)]. Then
Theorem 1.2.2(c) follows from Lemma 1.7.5. 1

1.8 The piecewise-monotone family of circle maps related to

the Van der Pol equation

In this section we shall study the bifurcations of a family h. of circle maps satisfying (ALS1)-
(ALS2) defined in the previous section. This is interesting because this model already captures
the essential features of the Levi’s one and has the advantage that the study of its bifurcations can
be done in a more complete way than for the Levi’s circle map family considered in Section 1.3.
In particular, for the maps h. we shall characterize the appearance of Cantor sets when the
parameter ¢ crosses the interval gi. Moreover we shall see that these Cantor sets contain the
invariant sets A .

We start this section by recalling the definition of the family h.. Indeed h. = h(.,¢,d) be a

three parameter family of C° maps of the circle into itself of degree one, with the parameters
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ranging in by < ¢ < by, 0 < & < 4, and satisfying that there exist y> 1, ¥ > 1/, ¢ > 0 and an
interval A = [z1(c), z2(c)] C S! such that x1(c), z2(c) depend on ¢ and § (differentiably on c),
|A| < 6 and

hl.(z) > 9y for all z € A (1.8.4)
—1+4c¢<hl(x)<—1/yforall z € S'\ A (1.8.5)
—d/dblhc(zi(c),c,0) — zi(c)] >w >0, i=1,2 (1.8.6)

where w = w(d) is independent of ¢ (see Figure 1.7.8).
In [4] the following result is given. It characterizes the dynamics of h. for certain values of

¢ (compare with Theorem 1.2.1(a)—(b)).

Theorem 1.8.1 If the map h. satisfies (1.8.4)-(1.8.6) then for & small enough the interval

[b1,ba] consist of two alternating types of intervals Ay, By separated by (short) gaps g :

[b1,b2] = A1 Ug1 UB1Uga UAyUgsU,...,UA, Ugan—1 U By,
such that:

(A) For ¢ € Ay the map he has exactly two fixed points, one stable and another unstable.
Moreover, the basin of attraction of the stable fixed point is the whole circle except the

unstable fized point.

(B) For ¢ € By, the map he has four fized points, two stable and two unstable. Moreover, these
two unstable fixed points belong to a Cantor set C such that he|c is topologically conjugated
to a certain subshift of finite type.

The goal of this section is to give a complete characterization of the bifurcations of this circle

maps family. The main result of this section is the following:

Theorem 1.8.2 Let g, = (gk.1,9k,2). For every gap gi there exist oy, B such that gp1 < o <

Br < gr2 and
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(a) If ¢ € gk, then h. has exactly two fized points, one stable and another unstable.

(b) If c € (gi1, i) then the basin of attraction of the stable fized point is either the whole circle
except the unstable fized point or the whole circle except the unstable fized point union x;(b)

with i =1 or 2.

(c¢) If ¢ € (Br,gr2) then there exist a Cantor set C' ( which depend on c), containing the
unstable fized point and such that he|c is topologically conjugate to a subshift of finite type.
Moreover, the basin of attraction of the stable fized point is either the complementary of
the Cantor set C' or the complementary of the Cantor set C union U5 ghz ™ (x;(c)) with

1=1 or 2.

(d) If ap # Bi then the interval (ay, Bk consists of two sets Dy, Ej such that (ay,Pk] =
Dy UEy, Ey, (resp. Dy) is closed (resp. open) in (ay, O] and if ¢ belongs to Ey, (resp. Dy)

then the dynamics of he is analogous to the case ¢ € (g1, (resp. ¢ € (Bk, gk.2))-

We note that the above theorem characterize completely the minimal invariant sets for
all values of parameter ¢ and gives the full picture of the bifurcations occurring in gg. This
characterization could not achieved in Theorem 1.2.2 for the Levi’s circle maps family because
of the differentiability of Levi’s circle maps family in A \ A.

The rest of the section will be devoted to prove Theorem 1.8.2.

From now one we will use lower case letters to denote points in S' and for the corresponding
point in the covering space R we will use the corresponding upper case letter.

We recall that for the family h. only one of the following three cases can occur:

Case A. The set I = h;'(A) N A is an interval, such that h.(I) = A and the endpoints of I

map onto the endpoints of A.

Case g. h.(x;) € IntA, for i =1 or 2 (i.e. the set I is a union of two disjoint intervals I; and
I, so that the endpoints I; map onto the endpoints of A and h.(I3) is strictly contained
in A).

Case B. The set [ is a union of two disjoint intervals I; and I3 so that the endpoints of each

I; map onto the endpoints of A.

Call Ay, Bg, gr the maximal intervals of ¢ for which the corresponding alternative holds.
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Since the endpoints of h.(A) move monotonically (clockwise) with respect to the endpoints
of A (see (1.8.6)) the intervals alternate as stated in Theorem 1.8.1.

We shall study the bifurcations when ¢ crosses a gap gor—1 from Ay to By (e.g. he(z1(c)) €
Int (A)). In a similar way, we may study them when b crosses a gap go from Bj_1 to Ax. We
describe these bifurcations in terms of symbolic dynamics. So we use the following definitions.

Let S ={1,2,...,m} and T = (t; ;) an m X m matrix such that ¢; ; € {0,1}. We denote by

Y7 the set of infinite sequences a = (a;);2, such that a; € S and t,, =1forallieZ, i >0.

Qi1
We define the shift map o : ¥ — X7 by o(a) = (a;)52;. Then the set X7 with the shift map
o is called a subshift of finite type with transition matriz T. 1f t; ; = 1 for all 4, j, then we call it

full shift on m symbols. The set X has a metric defined by d(a,b) = >-3°,v(a;, b;)2~" where

0 ifa=0b
1 ifa#bd.

7(a7 b) =

Then X7 is a Hausdorff compact space.

Let h. € C(S',S!) and let ¥ C S! be an invariant set (i.e. h.(X) C ¥) we say that
h¢|s, is topologically conjugated to a subshift of finite type oy, if there is a homeomorphism
he : X7 — XY such that h,oh =hoo.

Let h. be a continuous map of the circle into itself which satisfies (1.8.4)-(1.8.6). Assume
that ¢ € g;. We note that for ¢ € Ay U gg, then f has exactly two fixed points one stable and
the other unstable (see Case A and Case g ). From now one we denote by u(c) the unstable
fixed point of h. and by s(c) the stable fixed one. By the definition of the intervals Ay and gy
we have that s(c) € S\ A and u(c) € Int (A). Let W = {x € S! : lim,, .o, h%(x) = s(c)} (i.e.
W is the basin of attraction of the stable fixed point).

Now, we will use a lifting H. of the map h., and so we have to fix our notation. Without
loss of generality we may assume that 0 € e~!(22(c)) (that is 0 is a local maximum of H.).
Then A denotes the interval e"*(A) N[0, 1]. Also, U(c) (resp. Xi(c)) denotes the only element
of e7L(u(e)) N'A (resp. e 1(x1(c)) N'A). Lastly, we choose the lifting H. such that H.(U(c)) =
U(c) + 1 (see Figure 1.8.9).

Also, we recall that if ¢ € g then h.(x1(c)) € Int (A). The following lemma is not difficult

to prove (see Figure 1.8.10)

Lemma 1.8.3 The following statements hold.
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Figure 1.8.9: The lifting H..
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Y

Figure 1.8.10: The map h, for ¢ € Ag.

(a) If H.(X1(c)) > Ulc) then, W = S\ {u(c)}.
(b) If H.(X1(c)) = U(c) then, W = S\ {u(e),z1(c)}.

Remark 1.8.4 We note that the situation described in the Lemma 1.8.3(a) is similar to the

case when ¢ € A and persists in a small open interval contained in gy. O

Lemma 1.8.5 If H.(X;(c)) < U(c) then there are two points V(c), Q(c) such that 0 < Q(c) <
Xi(c) < V(e) <U(e) and H.(Q(c)) = Ho(V(c)) = Ulc).

Proof. Observe that H.(X1(c)) = inf ¢ 1) He(X). Since H.|x is strictly increasing, u(c) is the
only fixed point in A and H.(U(c)) = U(c) + 1 we have H.(1) > 2 (see Figure 1.8.9). Hence
H.(0) > 1. By using the intermediate value theorem we find two points V(c) > Xi(c) and
Q(c) < Xi(c) such that H.(V(c) = H.(Q(c)) = U(c). Also, V(c) < U(c) because H,|x is strictly

increasing. i

Let ¢q(c) = e(Q(c)), v(c) = e(V(c)) and I = [q(c),u(c)] (see Figure 1.8.11). Clearly
H.([V(c),U(c)]) = [U(e),U(c) + 1]. Then there is a unique point R(c) € (V(c),U(c)) such
that H.(R(c)) = Q(c) + 1. Let r(c) = e(R(c)). So he([r(c),u(c)]) = 1.



CHAPTER 1. A ONE-DIMENSIONAL APPROACH

u(c)

Ay wr(c)

1

A
Y

Figure 1.8.11: The interval [g(c), u(c)].
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Observe that S!\ I is contained in W and let Ay denote the interval (v(c),(c)). Then the
following lemma follows from the fact that h.(Ag) = S'\ I and h.(I\ Ag) = I (see Figure 1.8.11).

Lemma 1.8.6 Let H.(X1(c)) < U(c). Then, (S*\I)UAy is contained in W. Moreover, WNI =

U2 ohs*(Ag).

We denote by W; the open (in I) set W N 1.

Proposition 1.8.7 W is a open dense set in S'.

Proof. From Lemma 1.8.6 we have that W7 is open. Then the proposition will follow by showing

that W7 is dense in I \ 1(c) (which is a minor variation of the proof of Lemma 1.4.1). Suppose

not. Then D = (I \ z1(c)) \ CI(W) is a countable union of open (in I) intervals. Number these

intervals and let d; be the length of the i — th one. Then ) ;°;d; < 1 and each d; is positive.

So lim;_, d; = 0. Hence there is a 79 with the property that d; < d;, for all i. By using that
he(z1(c)) € A we have that if x € (¢(c),v(c)), then h.(z) € (x1(c),u(c)). From (1.8.4) and
(1.8.5) we obtain that (h2)’|p > ¥ > 1. Now observe that h2(D) C D and that h? restricted to

the ip — th interval of D maps this interval to a larger interval because (h?)’ > 1. But such an

interval can not be in D. This is the required contradiction. I
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Let ¥ = S'\ W. Clearly, ¥ = I \ W.
Corollary 1.8.8 The set X is a closed totally disconnected invariant set.

Remark 1.8.9 For the family h, we can define the sets AL = [z1(c), u(c)] and the h.—invariant
set AZJ C A, in a similar way as they were defined for the family f; ,. To prove Theorem 1.2.2
we have used the dynamics of the family h. restricted to AZJ. However, already for h. which
is a one-dimensional model simpler than f; , we know that the dynamics is more rich. Indeed,
since ALX C I we have that AZJ is strictly contained in ¥ which is an invariant set for h..
The fact that we did not use the dynamics of h. in ¥\ AZJ tells us that still there are some
features of the general model that we have not been able to capture by using the one dimensional

approximation. O

Next we use symbolic dynamics to describe the behavior of f in . To do this we define

Ki(e) = Upoh: " (21(c))-

Theorem 1.8.10 Let ¢ € gy, such that H.(X1(c)) < U(c). Then there is a sequence Ry, ..., Ry,

with m = m(z1(c)) of closed pairwise disjoint intervals in I such that

(a) 3 C (UL Ri)) U {aa(e)}

(b) hels\k, (c) 8 topologically conjugate to o|s,., a subshift of finite type.

Proof. First of all we construct the sequence Ry,..., R,,. By Proposition 1.8.7 there exists V,
a connected component of Wy such that h.(x1(c)) € CI(V) and h.((¢(c),v(c)) NV # 0 and let
V' = (y, 2) be such that h.(y) = h.(z) = supV (see Figure 1.8.12). Note that x1(c) € V' and, if
x1(c) € Wy, then V' is a connected component of W;. Otherwise V' is z1(c¢) union two connected
components of W;. Clearly, there exists a non-negative integer [ such that hlc(V) = Ay (recall that
Wi = UXh"(Ap). Observe that for all n such that 0 < n <1, h?(V) is an open interval and the
endpoints of (V) map onto the endpoints of A2*1(V). Moreover, V' UVUh.(V)U, ..., UhL(V) C
WrU{z1(c)}.

The complement of V' UV U he(V)U,...,UhL(V) in T is union of a finite sequence of closed
pairwise disjoint intervals. Call them Ry,..., Ry,. Let R = U™, R;. Clearly, ¥ C R U {z1(c)}

and statement (a) is proved.
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Figure 1.8.12: The intervals V and V'.

The map f is monotonic on each of the closed intervals R; and we have that h.!(R) C R.
Moreover, for all i,j the set R; N ho'(R;) has at most one connected component. Define the
m x m matrix T = (t; ;) by t;; = 1if RN h; (R;) # 0 and t;; = 0 if B; Nh 1 (R;) = 0. Let
(X7,0) be the subshift of finite type with transition matrix 7. Now, statement (c) follows in

the standard way (see [?]). I
Corollary 1.8.11 Let z1(c) € W;. Then there is a sequence Ry, ..., Ry, with m = m(z1(c)) of
closed pairwise disjoint intervals in I such that
(a) X C (UL Ri)
(b) he|s is topologically conjugate to olx.,., a subshift of finite type.
Proof. Tt follows from the fact that K;(c) C W and, hence, X N K1(c) = 0. &

Finally, we are ready to prove Theorem 1.8.2.

Proof of Theorem 1.8.2. From Case g it follows immediately statement (a) (see also Figure 1.7.8).
Let ap = inf{b € AxUgy : H.(X1(c) = U(c)}. Since H.(X1(c)) > U(c) for b € Ay and u(c) € IntA
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we have o € gi. From Lemma 1.8.3 it follows statement (c). Let Br = sup{b € Ax U gy :
H.(Xi(c)) = U(e)}. Clearly, ag, < Bj. From Theorem 1.8.10 and Corollary 1.8.11 it follows
statement (b). If ay # O, set Ex = {b € (ag, Bk] : He(X1(c)) > U(e)}. Since H.(X1(c)) — U(c)
depends continuously on b we have that Ej, is closed in (ay, Bx]. From statements (b) and (c) it

follows (d).

1.9 Concluding Remarks

In view of the results given in the previous sections we can conclude that only a small part of
the information gotten in the study of the one dimensional system can be taken satisfactorily
to the two dimensional one.

On the other hand we would have desired to get the following result: For each bf the map
Py has one pair of periodic points of period 2q + o a sink and a saddle. We note that if the
above result were true then, from Theorem 1.2.2 the map Fy. would have two pairs of periodic
points, one of these pairs has period 2¢ — 1 and the other has period 2¢q + afl. Each of these pairs
consist on a sink and a saddle.

From Theorem 1.2.2 we get the existence of the saddle point but, unfortunately, we cannot
guarantee the existence of the corresponding sink. Namely, we used the piecewise linear model
in the proof of Theorem 1.2.2 but Theorem 1.8.2 tells us that for ¢ € g the family h. does not
have any sink in ». We believe that if one wants to prove the existence of these attractors one

has to use, essentially, two dimensional techniques.



Chapter 2

The characterization of the
kneading pair for a class of circle

maps

2.1 Introduction

The goal of this chapter is to characterize a set of symbolic sequences which is the equivalent
at a symbolic level of the class A of maps which are liftings of degree one circle maps with a
single maximum and a single minimum. The study of these maps arise naturally in different
contexts in dynamical systems. For instance, a three parameter family of maps from A has

been introduced by Levi [30] and used in Chapter 1 to study the Van der Pol equation. On the

sin(27z)
27

and b € (0,00) belongs to the class A for all b > 1. The study of this two parameter family

other hand, the standard maps family defined as F}, ,,(x) = +w + b where z,w € R
displays a correspondence with periodically forced chick-heart cells (see [12]) and the plot of the
phase-locking zones as a function of b and w gives the Arnold tongues (see [7]). Also, the class
A is relevant in the description of the transition to chaos for contracting annulus maps.

We shall use the extension of the Kneading Theory of Milnor and Thurston [20] given by
Alseda and Manosas [5] to maps from A. The key point of this Kneading Theory is a suitable
definition of itinerary. With this notion they extended some basics results of the kneading theory

for unimodal maps to the class A. Moreover, they showed that for a map from class A, the set

37
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Figure 2.1.1: An example of a map F from class A.

of itineraries of all points can be characterized by the kneading pair; that is, the itinerary of the
maximum and of the minimum. Thus, in the study of bifurcations of parametrized families in .4
this two sequences play a crucial role. This is our motivation to characterize the set of kneading
pairs of maps from A. This will be done in the main result of this chapter.

Now, we introduce the class A of maps we study (see Figure 2.1.1). We say that F' € A if:

(1) FeL (that is, F(z + 1) = F(x) + 1 for all x € R),

(2) There exists ¢, € (0,1) such that F' is strictly increasing in [0, ¢,] and strictly decreasing

in [c.,1].

We note that every map F' € A has a unique local maximum and a unique local minimum in
[0,1) . To define the class A we restricted ourselves to the case in which F' has the minimum at
0. Since each map from L is conjugated by a translation to a map from £ having the minimum
at 0, the fact that in (2) we fix that F' has a minimum in 0 is not restrictive.

The chapter is organized as follows. In Section 2.2 we give a survey of the kneading theory

developed by Alseda and Manosas [5]. In Section 2.3 we state and prove the main result of this
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chapter. Finally, in Section2.4 we make some concluding remarks.

2.2 A survey on the Kneading Theory for circle maps

We start by introducing some notation. In what follows we shall denote the integer part function

by E(:). For x € R we set D(z) = 2 — E(z). For F € A we define the height of F, as

If AC R and = € R, we shall write x + A or A+ to denote the set {z+a :a € A}. Also, if
B C R we shall write A+ B to denote the set {a+b:a € A, b € B}. Let F' € A be with height
p. Then the points of the set A(F) = Z U F~Y(Z) U ¢, + Z will be called the turning points of
F. We note that if x € A(F') then z +Z C A(F).

Now, we define the notion of address we are going to use. For I' € A and z € R let

R if D(z) > cp,

C if D(z) =cp,
s(r) =

L if D(z) € (0,cp),

M if D(z) =0,

and d(z) = E(F(z)) — E(z).
Now, we define the reduced itinerary of x, denoted by I (), as follows. For i € N, set

s; = s(F'(z)) and d; = d(F*~!(z)). Then zF (x) is defined by

dirdy? ... if s; € {L, R} for all i > 1,
ditds? ...dir if s, € {M,C} and s; € {L,R} for alli € {1,...,n —1}.

Since F € £ we have that I(z) = Ip(x + k) for all k € Z.

Let z,y € R be such that D(x) # D(y). We say that x and y are conjugate if and only
if F(D(x)) = F(D(y)). Note that if x and y are conjugate then they have the same reduced
itinerary.

Let S = {M,L,C, R} and let & = apa; ... be a sequence of elements «; = d;" of Z x S. We

say that « is admissible if one of the two following conditions is satisfied:
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(1) « is infinite, s; € {L, R} for all ¢ > 1 and there exists & € N such that |d;| < k for all

1> 1.
(2) « is finite of length n, s, € {M,C} and s; € {L,R} for all i € {1,...,n —1}.

Notice that any itinerary is an admissible sequence. Now we shall introduce some notation
for admissible sequences (and hence for reduced itineraries).

The cardinality of an admissible sequence a will be denoted by |a| ( if « is infinite we write
laf = o).

We denote by S the shift operator which acts on the set of admissible sequences of length
greater than one as follows : S(a) = agag... if @ = ayasas. ... We will write S* for the k-th
iterate of S. Obviously S* is only defined for admissible sequences of length greater than k.
Clearly, for each x € R we have S”(zF(x)) = zF(F”(a:)) if \ZF(x)\ > n.

Let @ = ajag ... and B = 3182 ... be two sequences of symbols in Z x S. We shall write

a 3 to denote the concatenation of a and 3 (i. e. the sequence ajas...a,(15...). We also
n times

shall use the symbols a™ to denote m and o™ to denote o «v.. . ..

Let @ = ajay . .. ay, be an admissible sequence. Set a; = d; for i = 1,2,...,n. We say that
a is even if Card{i € {1,...,n}|s; = R} is even. Otherwise we say that « is odd.

Now we endow the set of admissible sequences with a total ordering. First set M < L <
C < R. Then we extend this ordering to Z x S lexicographically. That is, we write d* < ¢t if
and only if either d < t or d =t and s < m. Let now a = ajaz... and 8 = 3132... be two
admissible sequences such that o # B. Then there exists n such that oy, # 3, and a; = f3;
forv = 1,2,...,n — 1. We say that a < (3 if either ajay...ap—1 is even and a,, < 3, or
a0 ... 0,1 is odd and oy, > G,.

The following result shows that the above ordering of reduced itineraries is, in fact, the

ordering of points in [0, c,.].

Proposition 2.2.1 Let F € A. Then
(a) If x,y € [0,c,], and x < y then lAF(a:) <I.(y).

(b) If z,y € [c,,1), and = <y then ZF(x) > zF(y)
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For a point z € R we define the sequences I o(z1) and I »(x7) as follows. For each n > 0
there exists d(n) > 0 such that d(F"!(y)) and s(F"(y)) take constant values for each y €
(z,z+6(n)) (resp. y € (x—38(n),z)). Denote these values by d(F" 1 (z%)) and s(F"(z")) (resp.
d(F"~Y(z7)) and s(F™(z7))). Then we set I, (z%) = d(z)*FEId(F(z+))sE* @) | and
zF (27) = d(z™)*FEq(F(27))sEF* @) | Clearly, zF (z) and ZF (x7) are infinite admissible
sequences and, IF(x+) = zF((:E +k)T) and zp(x_) = zF((:E + k)7) for all k € Z. Moreover, if
x ¢ Z and |ZF(:17)| = oo then IF(:E_) = zF(x) = zp(x+)

Let F' € A. The pair (zF(0+),zF (c.)) will be called the kneading pair of F' and will be
denoted by IC(F'). Let AD denote the set of all infinite admissible sequences. Then for each
F € A we have that K(F) € AD x AD.

Let a = dj'ay..., be an admissible sequence. We will denote by o' the sequence (d; +
Drag... .

Let , 3,7 be admissible sequences such that 8 <~ . We will say that a is quasidominated

by 3 and v if and only if the following statements hold:
(1) B<8S™a) <~vforallne{0,1,...,|a] —1}.
(2) If for some n € {1,2,...,|a| — 1} we have S"(a) = d® then S""(a) > 3.

We will say that « is dominated by 3 and v if and only if (1) and (2) hold with strict
inequalities.

Let F' € A. We say that « is quasidominated (respectively dominated) by F' if a is quasidom-
inated (respectively dominated) by I -(07) and I #(cn).

We note that for F' € A we have d(F(0%)) = d(F(07)) — 1. Hence, (ZF(0+))’ = zF(O_).

The next result characterizes the set of reduced itineraries of a map F € A in terms of the

kneading pair.
Proposition 2.2.3 Let F € A. Then the following hold.
(a) Let x € (0,1) with x # c,.. Then ZF (x) is quasidominated by F.

(b) Let a be an admissible sequence dominated by F. Then there exists x € [0,c,]| such that

I (z)=q.

—F

The following result will be used in the study of the kneading pair.
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Corollary 2.2.4 Let F € A. Then the following hold.

(a) Let x € (0,¢,). Then iF(OJr) <I.(z)<I,(c,)

)
)

(b) Let x € (c,,1). ThenI,(07)<1I ()<L, (c;).

Let a@ = ajasas... be an admissible sequence, we say that « is periodic of period n if
S™(a) = a and S*(a) # a for i = 1,2,...,n — 1. We note that if o is a periodic sequence of
period n, then |a| = 0o and there exist aq,...,a, € Z x S such that a = (ay ... a,)>°. We also
note that if  is a periodic (mod 1) point of F' such that |ZF (x)| = oo, then lAF (z) is periodic
(recall that S"(ZF () = ZF (F™(x))) but their periods are not necessarily equal.

2.3 The characterization of the kneading pair

In the preceding section, to each map F' € A, we assigned a pair from AD x AD; namely the
kneading pair. This pair is the symbolic version of the map because it characterizes the set of
itineraries that F' can have (see Proposition 2.2.3). The aim of this section is to characterize the
pairs in AD x AD that can occur as a kneading pair of a map from A. To prove a first result in
this direction we need some preliminary definitions and results.

Let k € Z. We denote by (Z x S)IN the set of sequences a = d{'dy?... € (Z x S)N such
that | d; |[< k for all i > 1. Let a = dj'dy* ... and 3 = #]'t5> ... be two sequences in (Z x S)N.

We consider in (Z x S)N the topology defined by the metric d(a, ) = 3. 27d(d5t}) where
—  i=0

1 d £

d(dit') =
0 if d =71,

With this topology, (Z x S)kN is a compact metric space and the shift transformation S :

(Z x )N — (Z x S)N defined by S(d{*dy?...) = d?d5? ... is continuous. Moreover, we can

extend in a natural way the ordering defined for the admissible sequences to the sequences from
(Z x S)N.

Let a, 8 be to admissible sequences such that o < 3. Let AD%E denote the set of all admis-

a, B3, g’}. Now, we define I'q g : AD%E —

sible sequences quasidominated by o and § union {

(Z x S)N as follows. If | 7 |= oo then I'y g(y) = 7. If 7 is finite and ends with C, then the
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sequence associated is the following

1B if 8 is infinite,
(B)>*  if B is finite and ends with C,
T,5(7) = 78« if 3 is finite and ends with M and q is infinite,
a,p\Y 7 B(a)> if § is finite and ends with M and a is finite
and ends with M,
(B @) otherwise.

If v ends with M we proceed similarly with the roles of a and 3, and M and C interchanged.
We note that the map I'y 3 preserves the ordering of the sequences and that S™ o I'y g(7v) =
LapoS™(y) foralln € {0,1, o —1}.

The following proposition gives the main properties of the kneading pair.

Proposition 2.3.1 For each F € A we have that (IF (0h)) < IF(c;) and zF(0+) and IF(c;)

are quasidominated by F.

Proof. The first statement follows from Corollary 2.2.4(b) and the fact ZF (0t) = (ZF (07)).

Now, we prove the second statement. Denote by I', the map I’ . From the part

I(0%).I (cp)
F F
of the proposition already proved it is defined. It is not difficult to show that I, (xt) =

Z}l_I)I}C FF(ZF (y)) and EF (x7) = ;1_1)136 I, (EF (y)). Now, we consider several cases. Assume first
y>x y<x
that S”(zF(0+)) = dl... (respectively S"(ZF((:;)) = d*...) for some n > 0. Then there ex-

ists # € (0,c,) close to 0 (respectively c,.) such that D(F""!(z)) € (0,c,) and ZF(x) coin-
cides with [_(0) (resp. I_(c,)) in the first n + 1 symbols. Then from Corollary 2.2.4(a) we
have that [, (0%) <I (F"(z)) <I,(c.). Thus I,(0%) < T, (L, (F""(x))) <I,(c.). Since
FF(EF(F”“(@*))) = FF(S"H(ZF(JJ))) = S”“(FF(EF(JJ))), letting = tend to 0 from the right

we get I,(0%) < S™(1,(0%)) <I(
get L,.(07) < S™(L,(c;)) <L,(c;)

F

¢.) (respectively letting x tend to ¢, from the left we

F
). Now, assume that S“(ZF(O+)) = df... (respectively
S”(EF(c;)) = d®..)) for some n > 0. There exists * € (0,c,) close to 0 (respectively c,,)
such that D(F"*!(z)) € (c,,1) and ZF () coincides with zF (0) (resp. ZF (cy)) in the first n 41
symbols. From Corollary 2.2.4(b) we have that zF(O_) SZF(F"H(x)) §EF(C;) Then, in a
similar way as above we can show that I, (07) < S"*!(Z,(0%)) <I,(c;) (respectively I, (07)

< S"H(zp (c;)) ng (c;)) and the proposition follows. §
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To deal with the properties of the kneading pair given by the above proposition we introduce

the following notions.
Let o € AD. We say that « is minimal (respectively maximal) if and only if o < S™(«)
(respectively a > S™(a)) for alln € {1,2,... |a | —1}.
To characterize the pairs in AD x AD that can occur as a kneading pair of a map from A
we will define a subset £ of AD x AD and, afterwards, we shall prove that this set consists of

all kneading pairs of maps from A. To this end we introduce the following notation.
We will denote by £* the set of all pairs (v;,vy) € AD x AD such that v, is minimal, v, is

maximal, | vy |=| vy |= oo and the following conditions hold:

(1) v} <.

(2) v1 < 8™(vy) and S™(vy) < vy for all n > 0.
df ..., then S"*(v,) > v} fori e {1,2}.

(3) If for some n > 0, S™(v;)
Let a € R. We set ¢;(a) = F(ia) — E((i — 1)a) and §;(a) = E(ia) — E((i — 1)a), where

E:R — 7Z is defined as follows

- E(x) ifx¢Z,
b= | B@ e
x—1 ifzxel.
Also, we set
L(a) = e1(a) ex(a)" ... en(a)".
and
Ls(a) = 61(a)"62(a)" ... 54 ()"
Let I.(a) = (I.(a)) and let I5(a) denote the sequence that satisfies (I5(a))’ = Is(a). Let
a = p/q with (p,q) = 1. We denote by I(a) the sequence (61(a)” ... 8, 1(a)"6,(a))> and let

I (a) be the sequence that satisfies (E%(a))’ — Ip(a). Now we set

if a = p/q € Q, with (p,q) =1,

ifa & Q.

~k ~

I5(a)), (Lr(a), Ln(a))}

)
4
—~
=)
~—
S
|
Lo’
—~
=)
~—
I~
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Finally we denote by £ the set £* U (U,crEa)- The set U,crE, is the boundary of £ while
E* is its interior (with respect to the topology introduced above).
The following result characterizes the kneading pairs of the maps from class A and is the

main result of this chapter. It will be proved in the next two subsections.

Theorem 2.3.2 For F € A we have that K(F) € £. Conversely, for each (vq,vy) € E there
exists F' € A such that K(F) = (vq,vs).

2.3.1 Proof of the first statement of Theorem 2.3.2

We start by noting that if for F' € A we have (_ 01)) < Zp (c;) then, in view of Propo-
sition 2.3.1 and the definition of &, K(F) € £&* C &£. Thus, to prove the first statement of
Theorem 2.3.2, we only have to prove that if (IF(0+))’ = zF (c;), then K(F) € &, for some
a € R.

Before starting the proof of this fact we will study the basic properties of the sequences

I(a),I5(a), f:(a) and I;(a). The following results are due to Alseda and Manosas (see [5]).

Lemma 2.3.3 Let a € R. If a ¢ Z then 01(a) = €i(a) + 1. Furthermore, if a ¢ Q then
di(a) = €i(a) for all i > 1. That is, E(a) =1 .(a) and I5(a) = f:( ). If a = p/q with (p,q) =1
and g > 1 then €(a) = d;(a) fori=2,...,q—1, §4(a) = ¢(a) — 1 and, €;14(a) = €i(a) and

ditrq(a) = 0i(a) for all i € N.
Theorem 2.3.4 Let F € A. Then R, = [a,b] if and only if I5(a) < EF(OJF) < I.(a) and

I;(b) < I(c;) < I.(b).

~

Remark 2.3.5 Since ([ -(07)) =1_(07), by the definition of the sequences I5(a), I.(a), I5(a)
and I, (a) we have that I;(a) < Z (01) < I(a) is equivalent to I;(a) < ZF(O ) < I (a). O

In view of the above theorem and remark we get:
Lemma 2.3.6 Let F € A be such that (I -(07) = lF (c;)- Then R, is degenerate to a point.

The next lemma characterizes at the symbolic level the maps F € A satisfying that (I (07) =

I, (c;). It follows inmediately from the definitions.

Lemma 2.3.7 Assume that I (07) = d/s11 IF(c;) = d‘;};... and (I L(01)) = I (ci).

=F

Then, diy +1=di2, and dp1 = dpo and Sp—11 = Sp—1,2 for alln > 1.
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From Lemma 4.4 of [5], the proof of Theorem 2 of [10] and Lemma 1.6.3 we have the following

result.

Proposition 2.3.8 Let F € A be such that (ZF(0+))’ = zF(c;) and R, = {a} with a € R.
Then the map F has a twist orbit P of rotation number a such that P N [0,1) C [0,¢,] and
F|p = F,|p. Moreover, if a =p/q € Q with (p,q) = 1, then P is a twist periodic orbit of period
q. Set up =min PN [0,¢c,] and vp = max P N[0,c,]|. Then the following statements hold:

(a) {Och} §Z {,up,Vp}.

(b) Assume that vp # c,.. If pp # 0 then ZF(,up) = I.(a). Otherwise

and I,(0%) = I(a).

(¢) Assume hat pp # 0. If vp # c,. then zF (vp) = Is(a). Otherwise

and ZF(c;) = Is(a).

Now we are ready to prove the result we are looking for.

~

Proposition 2.3.9 Let F' € A be such that (ZF(0+))’ =1
that R, = {a} and K(F) € &,.

»(c;). Then there exists a € R such

Proof. From Lemma 2.3.6 we have that R, = {a}. Assume that a ¢ Q. From Lemma 2.3.3 and
Theorem 2.3.4 we see that K(F) € &,. Now, assume that a = p/q with (p,q) = 1. Let P be
the twist periodic orbit of period ¢ and rotation number p/q given from Proposition 2.3.8. If
pup = 0, from Proposition 2.3.8(a) we have vp # ¢, (here we use the notation from the statement
of Proposition 2.3.8). Therefore, from Proposition 2.3.8(b), ZF(0+) = I (a). Hence, IF(c;) =
(I.(a)) =I.(a) and so, K(F) € &, If vp = ¢, then, as above, up # 0. By Proposition 2.3.8(c),
zF (cz) = I;(a) and, consequently, zF(OJF) = I5(a). So, K(F) also belongs to &,. We are left
with the case up # 0 and vp # 0.
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We recall that F.(z) =sup{F(y) : y < x}. Hence, for all y € P and z < y we have
F(z) < Fr(z) < Fr(y) = F(y)

Let G = F9—p. Then G(z) < G(y) = y for all y € P and z < y. Set P = {x;},.7 with
x; < z; if and only if ¢ < j, and xg = pp. Then, since P has period ¢ we have x,_1 = vp and
Titq = x; + 1 for each i € Z. From Lemma 1.6.1 we get F'(z;) = x4, for each ¢ € Z. Thus, since
PN[0,1] C [0,¢,), each interval [z;, z;41] is mapped homeomorphically (preserving ordering)
into [Zitp, Tit14p] for ¢ = 0,1,...,¢ — 2. On the other hand [z,_1,2,] contains {c,,1} in its

interior (recall that z4—1 = vp # ¢, and x4 = up + 1 # 1). Since F][ ] is increasing and

Tq_1,c
cp < xg we obtain xg_14p = F(x4-1) < F(2) < F(c,) < F(xq) = xg4p for Zach Z € [Xg—1,¢p)-
Since (p,q) = 1, for each i € {1,2,...,q— 1}, we have ip # 0 (mod ¢q). Therefore, ¢ — 1 + ip #
q — 14+ mq with m € Z and so, x4—1+4ip # T4—1 + m. Consequently, F][mq71+ip,xq+ip] is strictly
increasing for i = 1,2,...,¢—1. Therefore, for each z € [z4_1, ¢, ], G(2) € [Tg—14qp — P, G(c)] =

[€g—1,G(cy)] C [xq—1,24] . Moreover, G|[ ] is strictly increasing. By Proposition 2.3.8(c)

Tg—1,Cp

we see that

~ ~

I (zq-1) = Is(a) = (81(a)" ... 54-1(a)"6,(a)")>.
So, from above it follows that, for each z € [z4—1,¢,],
L(2)=di1(a)" ... 0,1(0)"d, “ L, (G(2))
where

dq(a) if G(z) < 1,
dq(a) +1 otherwise,

dy =

(recall that lAF (x) = lAF (x +m) for each m € Z). Now we consider three cases.
Case 1: G(c¢,) € [z4-1,¢,] (see Figure 2.3.2). Then G([x4—1,¢,]) C [x4—1,¢,] and, if we take

z < ¢, close enough to c,, we have

I(c;) = L(z)=d(a)"...00-1(a)"0,(a)"L,(G(2)
= (@1(a)" ... 5-1(a)"84(a)" )L, (G(2))
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Case 2: G(c,) € (cp,1] (see Figure 2.3.3). We claim that G(1) € (¢,,G(c)). To prove the
claim we start showing that G(1) > c¢,. Otherwise, either G(1) € [0,¢,] or G(1) < 0. In the
first case zF(l_) is of the form dj'dy*...d% ... while s(G(c,)”) = R. This contradicts the fact
that zF(l_) = (ZF(0+))’ = EF(c;) In the second case, take z < 1 close enough to 1 so that
I - (r) and I (17) coincide in the first ¢ symbols and G(x) < 0. From above it follows that
either zF (c,) and zF (¢;.) coincide in the first ¢ symbols when G(c,) <1 or lAF (c,) and lAF (c)
coincide in the first ¢ — 1 symbols and d(F(c,)) = d(F(c;)) + 1 when G(c,) = 1. Set

1 ifGe,) =1,
0 if G(c,) < 1.

Hence, since I, (17) = (1,(0")) = I,.(c,) we have that

0> G(x) > B(G(x)) = E(F(2)) — p = (T E(F'(2)) — E(F'"(2))) —p =
(i dF ™ @) —p = (ZL d(F" 7 ep) —p = 5o = E(G(cy)) — 56 =05

a contradiction. In short, we have proved that G(1) > ¢,. Now we prove that G(1) < G(c,).
Note that if F(1) < F(zq—1) then G(1) < G(zq—1) = z¢—1 < ¢,. Hence F(1) > F(x4-1). So,
there exists z; € [r4—1,¢,) such that F(z;) = F(1). Since ¢, < z, we have F(1) = F(z) <
F(c,) < F(zq). Thus, from above it follows that G(1) < G(c,). This ends the proof of the
claim.

From the claim and its proof it follows that G|[ ] is decreasing and G([c,,1]) C (¢, 1].

Cpsl
We note that from all said above, for each x € [c,, 1], there exists * € [z4_1,¢,]| such that
G(z*) = G(x). So, zF (x) = zF (z*) = 61(a)F ... 5q_1(a)L5q(a)RZF (G(z)). Now take z < ¢, close

enough to c,. Since G'(z) € (c,, 1) for each i > 1, we have

L(c;) = L) =8a)"...6-1(a)"64(a) L, (G(2))
= (@) .. 51 (@) 5y (@) 2L, (GP(2))

= zR(a)-

Case 3: G(c,) € (1,z4] (see Figure 2.3.4). In a similar way as in Case 2 we get that G(1) €
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Figure 2.3.2: The map G|y, _, ,) in Case 1.

Figure 2.3.3: The map G|y, _, ) in Case 2.

49
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Figure 2.3.4: The map G|, _, ) in Case 3.

[1,G(c)). Therefore, G([1,z4]) C [1,z4]. As in Case 2, for each z € [1,G(c, )] there exists

x* € [xg—1,c¢,] such that G(z*) = G(z) and so,

L (x)=1,(z") = 61(@)" ... 61(a)" (5(a) + 1)L, (G(x)).

I(c;) = L.(2) =) ...00-1(a)"(5(a) + DI, (G(2))
= (01(a)" ... 6-1(a)"(8,(a) + )P’ L, (G2(2))

= (0i(a)" ... 0g-1(a)" (04 (a) + DF),

and from Lemma 2.3.3 we get that zF (cp) = I.(a). This ends the proof of the proposition. §

Proof of the first statement of Theorem?2.3.2. Let F' € A. If (zF (0h)) < EF(c;) then, as it is
been said before, K(F') € £* C £ by Proposition 2.3.1. Otherwise, (IF(0+))’ = zF (c) and, by
Proposition 2.3.9, K(F) € &, for some a € R. 11
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2.3.2 Proof of the second statement of Theorem 2.3.2
The next theorem already proves the second statement of Theorem 2.3.2 in the case (v1,v,) € £*.
Theorem 2.3.10 Let (vy,vy) € E*. Then there exists F' € A such that K(F) = (vq,vs).

Proof. Set v; = dffl'ldfff . dflkk ... for + = 1,2. Since v; and v, are admissible there exist
ki,ky € Z such that ky < |d; ;| < kg for all j > 1 and ¢ = 1,2. Let F' € A be such that
F(0) =k — 1 and F(c,) = kg + 1. Clearly K(F) = (((k1 — 1)1)>, (k2 + 1)®((k1 — 1)£)>) and
v; is dominated by F' for i = 1,2. From Proposition 2.2.3(b) there exists x; € [0, c,| such that
zF (x;) = v, for i = 1,2. By Proposition 2.2.1(a) we have that 0 < 21 < x2 < ¢, because v; < v,.
Let 27,25 € [c,,1] be such that F(x]) = F(z1) + 1 and F(x2) = F(z3). Thus, ZF(x’f) =)
and zF (z3) = vy. Since v} < vy, from Proposition 2.2.1(b), we obtain that ¢, < x} < 2% < 1.
We note that EF(F”(:UZ)) = S”(ZF(:UZ)) = S™(y;) for i = 1,2. Therefore, if F™(x;) € [0,¢,]
(respectively F™(x;) € [cy,1]), by Proposition 2.2.1, we see that F™(x;) € [x1,z2] (respectively

F"(z;) € [x5,27]) because (v,vy) € £. So,
(Py, UP,,)N[0,1] C [z1,x2] U x5, 2]].

where P, is the (mod. 1) orbit of z; by F for i = 1,2. Set K = ((O(x1)UO(z2))N0, 1)) U{xs, 27 }.
Let m : K — K be such that F(z) = n(x) + d, for z € K, where d, € Z. We note that
m(zi) = m(x7) for i = 1,2, dyy = dyr + 1 and dy, = dys.

We choose a map h : R — R satisfying the following:

1. h(x +1) = h(z) + 1 for all z € R.

2. h(0) = 0.

w

. h|R\(k+2) is continuous and strictly increasing.

4. If x € K then h(z) = lim h(y) < lim h(y).

y—x y—x
y<z y>x

Let g € £ be the nondecreasing map obtained from h~! by extending it to the whole real line.
We note g is strictly increasing on A(R\ (K + Z)), for each = € K there exists a closed interval
[az,bs] C (0,1) such that g([ay,bs]) =z and if z,2" € K then, 2 < 2’ if and only if b, < a,. In
particular, since (x2,25) N K =0, h|(z5,23) is strictly increasing and g (c,) € (bays azy). Then

we define G € L as follows:
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1. G|[b1‘1,a12] is strictly increasing and G(az) = ar(y) + dp and G(by) = br(y) + d; for each

Uz, by € [Day s Gy

2. Glp,. a,.) is strictly decreasing and G(az) = br(y) + dz and G(bz) = ar(y) + dz for each
2 1

Az, by € [bm’z‘aam’{]

3. G(g7(c,)) € (Qr (o) Ty br(zs) Tdas), G|[am2 o)) is strictly increasing and G|[g*1(cF),bx*]
2

is strictly decreasing.

4. G(0) € (an(zy) + da1, br(zy) + da1)s Gliop,,) is strictly increasing and G|p, . 1y is strictly
1

decreasing.

We note that G € A and ¢, = g~1(c,.). Moreover, for each z € K we have that G([a,,b.]) C
[Or(z) + i, br(z) + de]-

Now, we only have to prove that ZG(0+) = fG(O) = ZF(xl) and EG(C;) = zc(cc) = ZF(xg)
From all said above we see that E(F"(z1)) = E(G"(0)) and E(F"(z2)) = E(G"(c,)). Since
g(0) = 0, g(c,) = ¢u, g is non-decreasing and g’(bwzv%g) is strictly increasing we have that
g(D(z)) € (0,¢,) (respectively g(D(z)) € (c,,1)) if and only if D(z) € (0,¢,) (respectively
D(x) € (c.,1)). Therefore, zG(O) = fF(:El) = v, and ZG(CG) = IF(:EQ) = Vy. In short, K(G) =

(v1,v5) and the theorem follows. &

Another strategy for the proof of the above theorem is the one used by de Melo and van
Strien in the proof of Theorem 4.1 of [24]. However our approach, suggested by F. Manosas,
is considerably more simple in the case of maps with two critical points. It seems to us that
this approach, which uses strongly the characterization of the itineraries of a map given by
Proposition 2.2.3(b), could also simplify the proof in their case and could be used to deal with
similar problems for multimodal circle maps of degree one.

To end the proof of the second statement of Theorem 2.3.2 we still have to prove that if
(v1,v9) € &, for some a € R then there exists F' € A such that R, = {a} and K(F) = (vq,v,).
We note that the strategy used in the proof of Theorem 2.3.10 also works in this case. However,
we prefer a constructive approach which characterizes better the allowed kneading pairs in £\ E*.
We consider separately the rational and the irrational case. To deal with the rational case we

need the following two technical lemmas. The first one follows by direct computation.

Lemma 2.3.11 Let a € Z then €¢;(a) = §;(a) = a for all i > 0.
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Lemma 2.3.12 Let F ¢ ANCYR,R) and let p/q € Q with (p,q) = 1. Then the following

statements hold.

(a) Assume that zF(cF) = 81(p/Q)r ... 64-1(p/q) 6,(p/q)C. Then there exists U, a neighbor-
hood of F in ANCY(R,R), such that for each G € U, Zc(cg) is either Ip(p/q) or Is(p/q).

(b) Assume that ZF (0) =e1(p/q)* ... eq—1(p/q) eq(p/q)™ . Then there exists U, a neighborhood
of F in ANCYR,R), such that for each G € U, ZG(0+) is either f;z(p/q) or I.(p/q).

Proof. We only prove statement (a). Statement (b) follows in a similar way. Assume that
zF (cp) =1(p/)t ... 54-1(p/9)*4(p/q)C . Let P = {x;};c7 be the twist periodic orbit of period

¢q and rotation number p/q such that z,_; = ¢,.. Clearly, we can take F| [eg 2.cp] (see Figure 2.3.5)

2,0
in such a way that F" has a periodic (mod. 1) point z € (z4_2,¢,) close to ci, of period ¢, such
that (Fq—p)![z’cF] is strictly increasing, (F'9—p)(z) > z for each z € (z,¢,) and lAF(z) = Is(p/q)
(in particular F(z) > 1 = F(1)). Since L (F? — p)(c,.) = 0 there exists 0 < € < ¢, — 2 such
that |%(F‘1 —p)(x)| < 1/4 for each x € (¢, — €,¢, + €). Now we take U, a neighborhood of F

in C1(R,R) N A, such that for each G € U the following conditions hold:

(a) I.(co)=01(p/a)" ... 0q-1(p/a) 0g(p/q)* " ) ...

(b) G has a periodic (mod 1) point z, < ¢, close to z, of period ¢, such that G(z,) >
max{1,G(1)} and I (2;) = Ls(p/a).

(c) Cq € (cp —€cp +€), (G4 _p)’[

decreasing,

is strictly increasing and (G7 — p)\[ is strictly

gzel ’CG] el ’CF+€]

(d) (GT=p)(cg) € (cp —€¢p +6),
(e) |4 (G — p)()| < 1/2 for each = € (¢, — €, ¢, +€).
We note that for each G € U and = € [z, ¢,| we have that

~

I (x) = 81(p/a)" . 8q1(p/0)"04(p/q)* F" ™) ... .

Let 2%, € (cs,1) be such that G(z;) = G(z),) (such 27, exists because, in view of (b), G(z;) >

G
G(1)). Clearly, for all z € { *] we also have that

G’G

-~

I () =01(p/9)" .. 0q—1(p/0)" 0q(p/q)* ") ...
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Figure 2.3.5: The graph of (F'? — p) near c,..

If (G — p)(cs)

i € N. Hence,

, then for each x € [z,,c,] we have that (G? — p)(z) € [2,,¢,] for each

lel)

<c

I (e ) = I;(p/q). Now, assume that (G — p)(c,) > ¢.. From (c) and (d) we
see that ¢, < (G9 —p)(c,) € (¢, —€,¢, +€) and (G? — p)(c,) is the maximum of GY — p in
(cp — € ¢p +€). So (G4 —p)?(c.) < (G —p)(c,). On the other hand

(G4 =p)(cg) = (GT=p)*(ce) =IgE(G? = )OI (G = p)(cs) — c5)

with ¢ between c,, and (G — p)(c,). In view of (e) we have that |- (GY — p)(¢)| < 1/2 and
hence (G4 — p)(c.) — (G4 — p)?(c,) < (G4 — p)(c.) — c.- Therefore ¢, < (G4 — p)?(c,) and,
(GT—p)(cy)]) C e, (GY—p)(c,)] - From all said above we see that,

consequently, (G4 —p)([c,
in this case, lG (cz) = Z (r/q)- 1

Proposition 2.3.13 Let (v4,v,) € &,/ withp € Z, ¢ € N and (p,q) = 1. Then there exists
F € A such that R, = {p/q} and K(F) = (vq,v5).
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Figure 2.3.6: The map F.

Proof. We will deal first with the case p/q € Z. That is, ¢ = 1. From Lemma 2.3.11 we have
& = { ("), (0 + D GM)™), (0 = DRE™), (™)), (0 — DEE")=, (")}

Assume that (v1,v5) = ((p — 1)E(pf)>, (pf)*>°). Then we take F' € A such that a € (0,c,)
is a fixed point of F' — p such that (F' —p)|4,1] is a unimodal map satisfying that c, < (F'—p)(1)
(see Figure 2.3.6). In consequence EF(c;) = zF(l_) = (ZF(O+))’ and ZF(CF) = (pf*)>°. Thus
K(F) = ((p— D, (pf)>=, (p©)>°). The rest of the cases follow in a similar way.

Now we consider the case g # 1. Assume first that

(1. 15) € {(Ls(p/0), Ls(p/9)), Lr(p/a), Lr(p/a)}-

) 1
Set P = {x;};cz with ; = Iy % for each i € Z. Let F € C*(R,R) N A be such that
q

(1) F(0) =0and ¢, = z4_1,



CHAPTER 2. THE KNEADING PAIR o6

(2) F(x) :az+§ for each x € P,
(3) F is affine in the interval [z, z4—2] .

Note that P is F—invariant and F?(z) = :E—I—Z for each z € P and i € N. Hence, s(F'(c,.)) =
s(Fi(z4—1)) = L fori=1,2,...,q— 1. Moreover, since F(c,,) = F4(z4_1) = 241 +qb =c.+p
we see that s(F9(c,)) = s(F9(zq—1)) = C. On the other hand,

d(cy) = d(zg—1) = E(F(z4-1)) — E(rq-1)
= B(H 2+ =E®)+1
=e(p/q) +1=101(p/9),
and, fori=2,...,q — 2,
d(F'(cp)) = d(F'(zg-1)) = B(F"™" (2q-1)) — E(F*(24-1))
= E( 'q

Lastly,

E(32 +p) - B + (- 1Y)
= E(p) - (B(52) + 1)
= ¢q(p/q) — 1= d4(p/a).

In consequence I (c,) = 01(p/q)" ... 54-1(p/q) 04(p/q)C.

Now we are ready to construct maps Hj, H,, € A such that Ry, = Ry, = {p/q}, K(H;) =
(I;(p/q), Is(p/q)) and K(H,)= (In(p/q); Ir(p/q)). From Lemma 2.3.12(a) we have that there
exists U, a neighborhood of F in AN C'(R,R), such that for each G € U, I . (cz) is either
Ix(p/q) or I;(p/q). Moreover, from the proof of Lemma 2.3.12, G has a periodic (mod 1) point
2, < ¢, of period ¢ such that G(z,) > max{1,G(1)} and ZG(zG) = I;(p/q). Let 2% € (cg, 1) be
such that G(z,) = G(27,). Clearly, for all z € { *} we also have that

G’G

L, (x) = 6u(p/a)" . 84-1(p/0)"5q(p/a)" ") ... .
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To construct Hy take G € U such that (G? — p)(c,) < ¢, and let ¢* € (1,¢, + 1) be such that
G(cy) = G(c*). We take Hs € C*(R, R)N.A such that Cyy = Cq» Gl {

* *
c 1’CH6 c 1’CH5

]:H(;\{ }and

Hs(z) > G(z,) for all z € (¢, ¢*) (see Figure 2.3.7). We note that Hs([c.,1]) C H(;([zG,CHJ) =
G([z4,¢y))- Hence, from above we have that zH(s (07) = EH(S(C;_I(;) = ZG(CE) = Is(p/q). Thus
K(Hs) = (fg(p/q),zé(p/q)). Furthermore, by Lemma 2.3.6 and Theorem 2.3.4 we see that
Ry, = {p/q} . To construct Hp we take G € U such that (G?—p)(c,) > ¢,. Let a = (G7—p)(c,)
and let b € (cg, 2},) be such that (G? — p)(b) = c. Since (GY —p)(b) = ¢, < (GI - p)?(c.) =
(G —p)(a) and a,b € (c,,1) we have that b > a. Finally, let ¢* € (1,¢, + 1) be such that
G(cy) = G(c*). Then we take Hr € C'(R,R) N A such that Cyp = Cgr HR

ei—1,a) = Glier—1,q)
and Hg(z) > G(b) for all z € (a,c*) (see Figure 2.3.8). In consequence, since b < 27, we
have that G(b) > G(2},) = G(z;) and hence, HR([CHR,l}) C HR([ZG,CHR}) = G([zs,c5))-
Therefore, from above we get that zHR(O_) = zHR(c;R) = zc(c;) = Ip(p/q). Thus, K(Hg) =
(Ir(p/9); Ip(p/q)) and Ry, = {p/q} -

To end the proof of the proposition it remains to construct a map H. € C'(R,R) N A
such that Ry, = {p/q} and K(H.) = (L.(p/q),I.(p/q)). To do it we proceed as in the above
construction of the map Hs by using Lemma 2.3.12(b) and, instead of the map F, the map
F € CY(R,R) N A defined as follows. Set P = {Zi},cqz with &; = i/q for each i € Z. Then Fis
such that:

(1) F is affine in the interval [Z, %, 1],
(2) F@) =7+ 2,
q
(3) cp € (vg-1,1) and F(cg) = i + E(p/q) + 1.

Proof of the second statement Theorem 2.3.2. If (v;,vy) € £* then theorem follows from The-
orem 2.3.10. Otherwise, (v;,v,) € & with a € R. If a € Q then the theorem follows from
Proposition 2.3.13. If a ¢ Q then, from the proof of Proposition 1 of [6] it follows that there
exists F € A such that R, = {a}. Now, from Lemma 2.3.3 we see that I;(a) = I’ (a) and
E(a) = I.(a). So, from Theorem 2.3.4 we obtain that K(F) = (f;(a),fg(a)). Hence, by the
definition of &, we see that K(F') = (v1,v5). I
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Figure 2.3.7: The maps Hs and G.

Remark 2.3.14 As we have said before the set £\ £* is the boundary of £*. It is natural that
if for F' € A we have that K(F') ¢ £* then the topological entropy of F' is zero. Indeed this
follows from Proposition 4.3.3. However, there are also maps F € A such that K(F) € &*
and the topological entropy of F' is zero, as the following example shows. Let F' be the map
shown in Figure 2.3.9. Then, clearly, zp(c;) = (1%)> and IF(0+) = 0%(11)°°. Therefore,
(ZF(0+))’ = (1) < (1F)> = IF(c;) and so K (F') € £*. On the other hand, the non-wandering
set of the circle map which has F' as a lifting is just two fixed points: exp(2mia) and exp(2mib).

Therefore, the topological entropy of F' is zero (see for instance [35]). O

2.4 Concluding remarks

In the context of this chapter the following question arises in a natural way: Does there exist
a family F,, € C1(R,R) N A, depending continuously on p, such that for each (v;,v,) € &

there exists po in the parameter space such that K(F),,) = (v1,v5)? In the literature, such a
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Figure 2.3.8: The maps Hg and G.

parameter family of maps is usually called a full family (see [9] and [24]). It is well known that,

in the unimodal case, the family f,(z) = px(1l —x) with « € [0,1] and p € [1,4] is full (see [9]).
The simplest non-invertible degree one circle maps are the ones with two critical points.

That is, the maps from class A. Among the families of such maps, the standard maps family

defined as

sin(27x)

Fow)=c+w+b -

where x € R and (b, w) € (1,00) x R is known to display all dynamical features. Therefore, it
is natural to think that this family is full. To discuss this problem we need to state a result due
to Malta [23]. First we introduce some notation

Let F € LNCY(R,R) We shall say that 2 € R is a non-flat critical point if it is a critical point
and there exists an integer k& > 1 such that F is C* in a neighborhood of = and ;i—kkF (x) # 0.

We say that x € R is a turning point if the map F' has a local extremum in .

Theorem 2.4.1 (Malta) Let FF € LNC*(R,R) and suppose that all non-turning critical points
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Figure 2.3.9: A map F' € A such that K(F') € £* and topological entropy zero.
are non-flat. If F' has a turning critical point, then I has periodic points

From the fact that a map F' € £ such that Rp = {a} with a ¢ Q has no periodic points we

obtain the following simple corollary of Malta’s Theorem.

Corollary 2.4.2 Let F € ANC*R,R) be such that Rp = {a} with a ¢ Q. Then the map F

has flat non-turning critical points.
Therefore, we get

Corollary 2.4.3 Let I € A be analytic. Then K(F) ¢ UaeQ&a- That is, Rp is not degenerate

to an irrational.

Proof. Assume that K(F') € &, for some a ¢ Q. From Lemma 2.3.3 and Theorem 2.3.4 we have
Rp = {a}. Then, by Corollary 2.4.2, F' has flat non-turning critical points. Since F' is analytic

we have that F' = 0; a contradiction. I
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Corollary 2.4.3 tell us that there is no analytic full family in A. In particular, the standard
maps family is not full. This suggests that the “good” families from A will only be weakly full in
the following sense. We say that a family F), € CY(R,R) N A, depending continuously on , is
weakly full if for each (v1,v5) € £ U (Uyeqéa) there exists jig in the parameter space such that
K(F,,) = (v1,v5). Following the techniques of the proof of Theorem 4.1 of [24] seems rasonable

to be able to prove the following.

Conjeture The standard maps family is weakly full.



Chapter 3

Self-similarity operators for maps in

A

3.1 Introduction

In this chapter we develop some topological tools in order to describe the bifurcations of
parametrized families of maps from A at the symbolic level. In the literature (see [7], [17],
[11], [13], and [19]), certain bifurcations are described in terms of the set of parameter values for
which the maps have a determinate rotation interval. More precisely, let I, : A x R — R be
a continuous parameter family where F), € A for all u €A. The bifurcations are then described

in terms of the following two sets. For (a,b) € R? with a < b we define
Tr(a) = {p € A:minRp, = a}

and

Tp(b) = {ux € A:max Rp, =b}.

The sets Tr(a) and Tgr(b) give (in the parameter space A) for the standard map family the
picture known as an Arnol’d tongue (see [7], [11], [13], and [19]). Indeed, the Arnol’d tongue of
a € R is defined to be T, (a) U Tr(a).

In order to study the bifurcation structure of the Arnol’d tongues at the symbolic level we

62
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introduce some notation and preliminary definitions. Let
£ ={a€AD: 3P € AD such that (a, ) € £}

and

552{@6.,41): Ja € AD such that (g,ﬁ)eg}.

We consider in & and &s the order topology. Let & x & be with the product topology. It can
be seen that £ is strictly contained in & X &;. To see this consider for example the set A =
{(0F)%°, (1£)>°} of admissible sequences. Since ((—15)>, (0%)°°)((0L)°, (1F)%°), ((1F)*, (2L)>) €
&, we have that A C & and A C &. In consequence {((01)%°, (1)), ((11)%, (0£)>)} C & x &5,
but ((0£)%°, (11)>) € € and ((1%)>, (0F)>) ¢ &.

We consider £ endowed with the induced topology from & x . Let m. : & x & — &
defined as 7c((a, 8)) = @ and 75 : & x & — & defined as 75((a, §)) = B. Clearly 7. and 7
are continuous.

=k

Let a € R and set Q.(a) = [I;(a),I.(a)] C & and Qs(a) = [Ls(a), L. (a)] C E. With this
notation, from Theorems 2.3.4 and 2.3.2, we can write & = UyerQc(a) and & = U,cr Qs(a).
Moreover it can be seen [5] that if a,b € R with a < b, then for each o € Q.(a) (respectively a €
Qs(a)) and 3 € Q. (D) (respectively 8 € Qs5(b)) we have a < f (in particular Qc(a) N Q(b) =0
and Qs(a) N Qs5(b) = 0).

Now, we define the symbolic Arnol’d tongues as follows. For a € R we set
Te(a) =7 (Qe(a)) N E
and
Ty(a) = 75 (Qs(a)) N €.

Then by Theorem 2.3.4 we can write

e= U (TnTs0).
g

Moreover this theorem can be stated in the following way. Let F' € A. Then Rr = |a,b] if
and only if K(F) € Tc(a) NTs(b). To motivate the above definition let ), : A x R — R be a
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Figure 3.1.1: An Arnol’d tongue of the standard family in the rational case.

continuous parameter family where F), € A for all © €A. Let also A : A — &£ be the continuous
map given by A(u) = K(F,). Then, for each a € R, we have that Tr(a) = A7'(T¢(a)) and
Tr(a) = A~} (Ts(a)). For example consider the standard maps family. It is defined as

b
Fypw(x)=o4+w+ oy sin(27x)
s

where x € R, b > 0, and w € R. We note that for all b > 1 and w € R, F},, € A. Thus,
A = (1,00) X R (see Figure 3.1.1 where a typical picture of the structure of the sets Tr(a) and
T1(a) when a € Q is shown).

Since Fy,, is a family of analytic maps, from Corollary 2.4.3, we have that if a ¢ Q then
Tr(a) N Tp(a) = 0 because Te(a) N Ty(a) = {(L.(a), I5(a))} € &. Moreover, from Lemma 2.3.3
we have that T.(a) = 7. 1(I.(a)) N € and Tj(a) = wgl(ig(a)) N E. Thus, in the irrational case,
we obtain a picture for the Arnol’d tongue as the one shown in Figure 3.1.2.

The aim of this chapter is to study the bifurcation and self-similar structures of the Arnol’d
tongues (in the parameter space) by studying the symbolic structure of the symbolic Arnol’d

tongues. Also we want to describe at a symbolic level the bifurcations occurring when the left
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Figure 3.1.2: The Arnold’ tongue in the parameter space in the irrational case.

(respectively right) endpoint of the rotation interval crosses a rational. From all said above, the
description arising from this approach will be valid for all “typical” families of maps from A (i.e.,
families for which the images of the critical points depend monotonically of the parameters). To
do it we will define and study two self-similarity operators in the symbolic spaces & and &s. By
means of these operators we will be able to describe the internal structure of the “boxes” Q.(a)
and Qs(a) and, hence, to obtain the symbolic structure of the symbolic Arnol’d tongues.

The following result characterizes the sets & and &s in a form that will be useful in the rest

of the chapter. The proof is given in the appendix 3.5.
Theorem 3.1.1 The following statements hold.

(a) a € & if and only if it is minimal and satisfies that if for some n > 0, S™(a) = d¥...

then S"*t1(a) > o'.
(b) B € & if and only if it is mazimal.

The chapter is organized as follows. In Sections 3.2 and 3.3 we define and study the two

symbolic operators. Lastly, in Section 3.4, we use these operators to state and prove the main
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result of this chapter.

3.2 The x—product

3.2.1 Introduction

The aim of this section is to characterize the sets of sequences which, roughly speaking, cor-
respond to the first (respectively second) component of the kneading pair of maps F' € A for
which there exist p € N, ¢ € Z and a closed interval J containing ¢, (respectively 0) such that
(F? — p)|s is a unimodal map (see definition below). We make this study at a symbolic level
by using a x—product which relates the symbolic spaces & and & with the space of kneading
sequences of unimodal maps. Moreover, we will show how the “unimodal symbolic space” is
embedded into & and &s. This section is organized as follows. In Subsection 3.2.2 we introduce
the appropriate notation for the symbolic dynamics of unimodal maps. In Subsection 3.2.3 we
define the x—product and we state the main result of this section. In Subsection 3.2.4 we give

some technical results and finally in Subsection 3.2.5 we prove the main result of this section.

3.2.2 A survey on the kneading theory for unimodal maps

Let I be a closed interval and let f : I — I be a continuous map. We say that f is unimodal if
1. f(maxI) = f(minl) € 01
2. There exists ¢ € Int(I) such that the maps f|imin 7. and f|(cmax 1) are homeomorphisms.

The set of all unimodal maps from I to itself will be denoted by U(I). A map f € U(I) will
be called positive if f|imin 1, is increasing. Otherwise, f will be called negative.

Let f € U(I) and let x € I. We associate with z a finite or infinite sequence of the symbols
L,C, R called its itinerary. To do it we introduce the following notation. Let f : I — I be
continuous. We will say that f is locally increasing (respectively decreasing) at x € I if there

exists an open neighbourhood V of z in I such that f|y is increasing (respectively decreasing).
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Now, we define the i — th address of a point x, that we denote by 0;(z), as follows:

L if 7 is locally increasing at x.
0i(x) =1 C if fi(x) =c,

R if f%is loacally decreasing at x.

We define the itinerary of = denoted by f,(x) as follows
L 0¢(x) = Oo(x)01(x) ... Op(x) ... if 0;(x) € {L, R} for all i > 0.
2. 0(x) = Op(x)01 () ... 0n(x) if O,(2) = C, and 0;(x) € {L, R} for all i € {0,1,...n —1}.

Given n € N and y € I, there exists § > 0 such that 6,,(y) takes constant value L or R in the
interval (z,z + ). We denote this value by for 6,,(x"). In a similar way we can define 6, (z7).
With this notation we set 0(z") = 61(z)fa(z%) ... and 8;(x~) = 01(x~)f2(z™).... We note
that if 0¢(x) is infinite then 0 () = 8;(z) = 0,(x7).

The sequence 0(f(c)*) is called the kneading sequence of f. We will denote it by k(f).

Let A = ApA; ... be a sequence of elements A; € {L,C, R}. We say that A is admissible if

one of the following two conditions is satisfied:
1. A= ApA;... A, ... if A; € {L,R} for all : > 0.
2. A= ApAy... Ay if A, =C,and A; € {L,R} for all i € {0,1,...n— 1}.

Now, we introduce an ordering in the set of all admissible sequences. We set L < C' < R and
we extend this ordering lexicographically to the set of all admissible sequences as follows. Let
KoK ... K, be a finite (or empty) sequence of symbols L, R. We say that KoK ... K, is even
(respectively odd) if it has an even (respectively odd) number of R’s. Assume that K = KoK} ...
and K' = K{K] ... are admissible sequences such that K # K'. Let n be such that K; = K for
i <nand K, # K. Then we say that K < K’ if either

1. K, < K] and KoK ... K, is even.
2. Kn > K;L and KOK1 A Kn—l is odd.

We note that if x <y and f € U(I) then 0¢(x) < 0(y) if f is positive and 0¢(x) > 0(y) if

f is negative.
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Now, we define the shift operation S on admissible sequences as follows. If K = KgKj ...
then we set S(K) = K Ks... which is also an admissible sequence. If Ky = C, then S is
undefined. We write 8™ to denote the n—fold iterate of S. Note that for each x € I and
f € U(I) we have S(0(x)) = (8(f(x)))-

An admissible sequence K will be called mazimal if and only if S"(K) < K for each n < |K|
where |K| denotes the length of K. We note that for each f € U(I) (independently of the
fact that f is positive or negative), k(f) is maximal and admissible with length infinite. Given
K = KoK ..., an admissible sequence, we will write K to denote f(\off\l ...where L = R and
R = L. We note that K is maximal if and only if K is minimal, that is S"(K) > K for each
n < |K|.

From [9], it follows that for each admissible infinite maximal sequence K there exist f,g €
U(I), f positive and g negative, such that k(f) = k(g) = K. We shall denote by K the set of all

admissible infinite maximal sequences.

3.2.3 Definition of the x—products and statement of the main result

We start by introducing some notation. Let = denote the set of all finite sequences with symbols
in Zx{L, R} (of course we consider the empty sequence as an element of Z). Let « = dj* ... d5" €
=. We denote by o’ the sequence (dy +1)%! ... d5» (if « is the empty sequence then we set o/ = ).
We say that « is even (respectively odd) if (sq,...,$,) has an even (respectively odd) number
of symbols R. We note that, with this definition, the empty sequence is even.

Now we consider the set of sequences which occur as reduced itineraries of periodic critical
points. Indeed we will denote by P, (respectively Pys) the set of all minimal sequences of the form
Bd™ satisfying that if for some n € {1,...,|3dM| — 1}, S"~1(BdM) = t®... then S*(BdM) >
ﬁ' d™ (respectively the set of all maximal sequences of the form ﬁdc) with € Eand d € Z
and such that if 3 is not empty then {(ﬁdL)oo,ﬁ(d— DEB(d - 1)R)°°} C &, (respectively
{(Bah)=, (Bd")>} c &).

We are ready to define the x—products. We start by defining the product x5 : Ps x K — AD
as follows. Let v = ﬁdc € Ps and K = K1K5... € K. Then we define

QdKlgdKQQ. .. if B is even,

v oxs K= -
- BdK18dK25. .. if Bis odd.
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Now we define % : P x K — AD. Let 8 € = and s € {L, R}. We set

B ifs=1L,

x(s, ) =
B ifs=R.

Also, for d € Z we set
dr if s =1L,

s,d) =
7l d) (d—1F ifs=R.

Let v = QdM € Peand K = K1 K3 ... € K. Then we define v x. K as follows. If 3 is not empty

then
QSD(KLd)X(Klyﬁ)@(KZ,d)X(K%ﬁ) lfﬁls even,
é(p(f{\lad)X(Klaé)(p(I/{;7d)X(K2,ﬁ) ... if B is odd.

V*EK:
If B is empty thenl*eﬁzdfldg(Q... where, if K1 = L thend; =dforalli>1andif K1 =R

then d; =d — 1 and
d+1 if K; 1K;=RL,

di=4¢ d if K; 1K;e€{LL,RR},
d—1 if K, 1K;=LR,
for ¢ > 2.

The main result of this section which studies the properties of the x—products is the following.

Theorem 3.2.1 Let v = ﬁdM € P, a= ﬁdc € Ps and K € K. Then v x. K € & and
axs K € E. If B is even then yx¢ is order reversing and o *s is order preserving. Otherwise, yx.
is order preserving and axs is order reversing. Moreover v . K is connected in E and vy %5 K

m 55.

The above theorem characterizes at a symbolic level the “unimodal boxes” in the spaces
& and &s. Indeed, if we consider the set K endowed with the order topology (that is, K =
[L>°, RL*]) then, from Theorem 3.2.1, we see that if y = ﬁdM € P (respectively y = ﬁdc € Ps),

then
[y xe RL™,y % L] if (3 is even,

[y xe L, v x¢ RL*] if 3 is odd.

v xe K =
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(respectively
[y %5 RL*>, v x5 L>] if 3 is odd,

Y ks K=
[y %5 L,y *s RL>] if (3 is even).

The set v % C will be called the e—unimodal box of v and the set v %5 K will be called the

d—unimodal box of ~.

3.2.4 Preliminary results

In this subsection we study the itineraries of the critical points when they are periodic and some
of the basic properties of the x—products. These results will be used to prove Theorem 3.2.1.

We start with the following technical lemmas.
Lemma 3.2.2 Let F € A. Then the following statements hold.

(a) Assume that 0 is a periodic (mod 1) point of period n. Then there exist 3 € Z and d € Z,
such that ZF (0F) is either (Bd")>° with B even or BdR(B'd®)> with B odd. Moreover, if
I_(0M) = (Bd*)™ then B(d — 1)E(B'(d — 1)7)>® € & and if I(0F) = BdR(F'dR)> then
(B(d+1)F)>® € &.

(b) Assume that c, is a periodic (mod 1) point of period n. Then there exist 3 € = and
d € Z, such that EF(c;) is either (Bd™)> with B even or (3d™)>° with 3 odd. Moreover,
if I.(c;) = (Bd")™ then (8d™)> € & and if I ,(c;) = (Bd)> then (Bd")>® € &.

Proof. We start proving statement (a). Assume first that I - (0) = BtM for some B € E of length
n—1even. If x > 0 is sufficiently close to 0 we have that F™ ][O,I} is increasing and F"(z) is also
close to F™(0) = 0. Therefore, fF(OJF) = ﬁthF (0™). So zF(0+) = (Bt¥)>. Now, assume that 3
is odd. Take z < 0 sufficiently close to 0. Then F" |, o is increasing and F"(z) is also close to
F™(0). Thus iF(O_) =p(t— 1)RIF (07). Therefore ZF (07) = (B'(t—1)")> and, in consequence,
L,(0%) = Bt — DR (¢t — )R>,

To prove the second statement of (a) in this case we only need to show that there exists
G € Asuch that T_(0%) = B(t — 1)R(B'(t — 1)7)> if 8 is even or I,(0%) = (Bt5)> if § is
odd. We note that the proof of Lemma 2.3.12 does not depend on the fact that the orbit under
consideration is twist. So, if I -(0) = ﬁtM the statement follows from Lemma 2.3.12 and the

part of (a) already proven.
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Now, assume that zF (0) = 7k¢ and IF(CF) = vt™ where 7,v € E, y has length ny — 1, v
has length ng — 1 and ny +ng = n. If > 0 is sufficiently close to 0 then F™ (z) is close to c,. If
7 is even then F™ ||, is strictly increasing and, hence, zF(0+) = lk‘RzF (ch). Otherwise, if v
is odd, F™ |g ) is strictly decreasing and ZF(0+) = lk‘LlAF(c;). Let now = > ¢, be sufficiently
close to c,. If v is even, then F"? [i,  is strictly decreasing and EF(C;) =v(t — 1)RzF(0_).
Otherwise, if v is odd, F™? ||, ;] is strictly increasing and I Hch) = vtET - (0T). We recall that

I.(ch)=1,(c,) and that if I (07) = (L,.(0"))". Hence, if we set

lk‘Ry if 7 is even,

lk‘Ly if v is odd,

we get
Bt — 1)R(ﬁ/(t — 1)) if y is even,

I.(0%) =
(Bth)ee if v is odd,

This ends the proof of the first part of statement (a).

Now, we prove the second statement of (a) in this case. Let P be the (mod. 1) orbit of 0 by
F. Then 0,c, € P. Let g = min(P N (c,,1]), 1 = max(P N (0,¢,)), J = (cp,x0) if 7 is even
and J = (z1,c,) if 7 is odd. Let G € ANCYR,R) be close enough to F such that ¢, € J,
Glo,p\s = Flioapns and G(cg) € (F(eg), min(P N (F(cg),00))). Thus, clearly fG(O) = BKM.

From the proof of the previous case, since 3 has always different parity than v, we get

zG(0+) _ (Bth)ee if v is odd (S even),
Bt —D)E(B'(t — 1)) if v is even (3 odd),
and the proof of (a) follows by using G instead of F. Statement (b) follows in a similar way. I
The next lemma gives some properties of the sequences in P, in Ps.
Lemma 3.2.3 Let 3= p1...08,-1 € E. The following statements hold.
(a) If BdM € Pe. Then (Bd*)* and (B'(d — 1)1)> are periodic of period n.

(b) Ifﬁdc € Ps. Then (ﬁaiL)C>O and (ﬁd/R)C>O are periodic of period n.

Proof. By the minimality of QdM we have that Sj(ng) > ng for j =1,2,...,n— 1. Assume
that (8d”)> is periodic of period k < n and set m = n/k. Then Bd* = (B, ... Bx_1d")™ and,
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hence,

(B1 -+ Br—1d™)™ 181 .. g d™ = pa™ < SPTR(BAM) = By ... B_1dM.

In consequence (31 ... Br_1 is even and so

Bi...Bp—rd” > Br... Br_1(d — .

Since BdM € P, then By ... B_1d*(8(d — 1)F)(B'(d — 1)%)> € &.. Hence, by Theorem 3.1.1(a),

we have that

(61 c. Bk_ldL)m_lﬁl ... ﬂk_l(d — 1)R(é/(d — 1)R)°O <pBi... ﬂk_l(d — 1)R el =
S"R(Bd = DRE'(d ~ 1)R));

a contradiction. The proof of statement (a) in the case (3'(d — 1)%)> and statement (b) follow

in a similar way. I

The next lemma studies the relation between the periodic sequences in & and & and their

shifts.
Lemma 3.2.4 The following statements hold.

(a) Let 3= (B1...0n)>° € E. Then S7(B) > B* for all j = 1,2,...,n— 1 where 3* is either
BifB=d-...orp ifp;=d"....

(b) Let B=(B1...0,)° € E. Then S7(B) < B for all j=1,2,...,n— 1.

Proof. We prove (a). Statement (b) follows in a similar way. Let j € {2,...,n}. If 3;_1 = d* for
some d € Z then, by Theorem 3.1.1, since $77!(3) > 8 and S7~(8) # 8 the lemma follows in
an obvious way. If 3;,_; = d” for some d € Z, we have S7=1(8) > 3'. Assume that S771(8) = g3'.

Then

n n

BiBit1 -~ Bub1 - Bi10; - Bubr - Bit . = BiBe-- . Bubr. ..

and, hence, 3] = 3; = 1; a contradiction. This ends the proof of (a). I
The proof of the following lemma follows by direct computation.

Lemma 3.2.5 The following statements hold.
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(a) Let f € U(I) be negative. If f(c) > ¢, then k(f) = L. Otherwise k(f) = RS(k(f)) and

there exists c— < ¢ < cq with f(c—) = f(cy) = c¢. Then the following statements hold.

0(x) = RL ... if and only if x € [inf I,c_).
(a.2) (z) = RR... if and only if x € (c_,c).
(a.3) 0(x) = LR... if and only if x € (c,cy).
(a.4) O(z) = LL... if and only if x € (cy,sup I].

(b) Let f € U(I) be positive. If f(c) < ¢, then k(f) = L. Otherwise k(f) = RS(k(f)) and

there exists c— < ¢ < cq with f(c_) = f(cq) = c. Then the following statements hold.

(b.1) 8(x) = LR... if and only if x € (cy,sup I].

(b.2) 6(x) = RR... if and only if x € (c,cy).

LR...if and only if x € (c_,c).
LL

(

(
(b.3) b()

(

(b.4) 0(x) .if and only if x € [inf I,c_).

Let I,J C R two closed intervals. Let f : I — I and g : J — J two continuous maps. We
say that f is topologically conjugate to g if there exists a homeomorphism h : I — J such that
ho f = goh. From [9] (see also [24]) we have that if f € U(I) and g € U(J) are topologically
conjugate then k(f) = k(g).

The next proposition justifies the definition of the x—products in the case 3 empty.
Proposition 3.2.6 Let K € K and d € Z. Then the following statements hold.

(a) There exist F € A and J C R, a closed interval containing 0, such that (F — d) |j is
unimodal with k((F —d) |7) = K and Ip(0%) = dM %, K

(b) There exists F € A and J C R, a closed interval containing c,, such that (F —d) | is
unimodal with k((F —d) |;) = K and ZF(CJE) =d% s K.

Proof. Let f € U(I) be negative such that k(f) = K. Take ¢ > 0 and J = [—¢,¢], and let
h : I — J be the unique increasing map such that h(c) = 0 and h is affine in [min 7, ¢], [¢, max I].
Let F' € Abesuch that F(z) = hofoh™'(z)+d for each x € J. Clearly, (F—d) |; is topologically
conjugate to f. Then k((F —d) |j) = k(f) = K1 K5 ... . We observe that since (F — d) maps J
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into itself we have that F(J) C J + d. Since F € £ we have that for all j > 1, F7(J) C J + jd.
On the other hand, since s((F—d)’(07)) = s(F7(07)) we get that for all j > 1, s(F7(07)) = K;.
Assume that (F' — d)(0) > 0, then f(c) > ¢ and, from Lemma 3.2.5, we have that k(f) = L.
Since F(0) > d we have that F7(0) € [0,¢] + jd for all i > 0. Then for all i > 1 we have
d(Fi(0%)) = jd — (j —1)d = d and Ix(07) = d™ . K. Now, assume that (F — d)(0) < 0.
Then f(c¢) < ¢ and, from Lemma 3.2.5(a), we have that K; = R. Since F(0) < d we obtain that
F(0) € [—€,0] + d. Then d(0%) =d — 1 and so Ip(0%) = (d — 1)®... . Let j > 2. Assume that
K; 1K; = RL. Then S"2(k(f)) = 0(f’~%(z)) = RL... for x > f(c), close enough to f(c). From
Lemma 3.2.5 (a.1) we have that f/~!(¢c) € [minI,c_) and, hence, F7=1(0) € [—¢, h(c_))+(j—1)d.
Moreover F7(0) € (0,¢] + jd. Then d(FI=1(0%)) =jd— ((j —1)d—1) =d+ 1. If K;_K; = LL,
then, F/=1(0) € (h(ct), €]+ (j —1)d and F7(0) € (0,€] +id. So d(F?~1(07)) = jd— (j — 1)d = d.
If K;_1K; = RR, then FI71(07) € (h(c-),0) + (j — 1)d and F’/(0") € [—¢,0) + jd. Thus,
d(FI=1(07)) = (jd—1)— ((j —1)d—1) = d. Finally, if K;_1K; = LR then FV=1(0) € (0, h(cy))+
( — 1)d, F7(0) € [—¢,0) + jd. Therefore, d(F7=1(07)) = (jd — 1) — (j — 1)d = d — 1. From the

definition of . we have that I;(07) = d™ %, K. Statement (b) follows in a similar way. §

3.2.5 Proof of Theorem 3.2.1

Proof of Theorem 3.2.1. We only will prove Theorem 3.2.1 for .. The proof for x5 follows in
a similar way. Let v = QdM € P. and K € K. We only will prove the statement in the case
B even. The case § odd follows analogously. First we are going to prove that v x. K € &..
If 3 is empty then this follows from Proposition 3.2.6(a), the definition of & and Theorem
2.3.2. Assume now that § is not empty. We note that y x L= = (8d¥)>™ and v xc R® =
B(d—1)R(B'(d—1)%)>. Since Bd™ € P, these two sequences belong to & and we are done. Thus
we can assume that K ¢ {L>°, R*®}. From Collet and Eckmann [9] we have that K = RL... .
Let 8 = B1f2...0n-1, K = K1Ky... and j = nm with m > 0. Then we have v xc K =
Bo(K1,d)x (K1, B)e(Ka,d)x (K2, ) ... . It is not difficult to see that, since K is maximal, then
o(K1,d)p(K2,d) ... € AD is minimal. Therefore, if K,,,_1 = L then

Sy %e K) = Bo(Km, )X (K, B)o(Km1,d) .. =y xe K.
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Otherwise,

S(’Y*E K) = BSO(Kmad) (Ko, B)e( m+1=d)---2(1*ﬁﬁ)/

and, by Theorem 3.1.1(a), we are done. So, take now j = nm +p with m >0, 1 < p < n. Then

we have to compare

Sj(l*eK):ﬁp—l-l---ﬁn—lcp(Kmvd) ( myﬁ) ( m—l—lvd)“‘:

(3.2.1)
Q@(Km ) ( ma/B) ( m+17d)”'7
with
Yre K =01... Bap-1Bnp-- Bno19(K1,d)... = (3.2.2)
ﬂﬁn_p c ﬂn_ltp(Kl, d) e
Set
. T if B, =tk
y =
T if B, =tF

where t € Z and (y*e K)* = v* B ... Bu_19(K1,d) ... . By Theorem 3.1.1(a) we have to show
that S7(yxe K) > (y % K)*. Since Bd™ € P, p(d — 1)(8'(d — 1)B)>, (8d*)> € &.. Therefore,
by Theorem 3.1.1(a) and Lemma 3.2.4(a), for all 1 < p < n, we have

v(d - 1B (d-1)"® > v B p... Booi(d — DE(B'(d — 1)) (3.2.3)

and

vd"(BdX)® > v By ... Bpord™(Bd"). (3.2.4)

Clearly if v # v* then Sj(l *e K) > (1 *¢ K)* and we are done. So assume that v = v*. First
we consider the case v even. If ¢(K,,,d) = d* then either d¥ > ,_, and, from (3.2.1) and
(3.2.2), we see that S/(y * K) > (7 % K)* or d¥ = 3,_,. In the latter, since vd’ is even, from
(3.2.4) we have that

(Bd")® > Bupi1 - .. Buord”(Bd")>

a contradiction with Lemma 3.2.4(a). Now, let ¢(K,,,d (d — 1)%. From (3.2.3) we have
Br—p < (d—1)EIf B, < (d — 1)F, then S(y *c K) > (y * K)* by (3.2.1) and (3.2.2). So,
assume that 3,_, = (d — 1)¥. Then v(d — 1)# = v*(d — 1)¥ is odd and, from (3.2.3), we have

) =
(
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that
(B(d = D7 < Bupir .- Bua(d — DF(F (A~ )

We note that S*P((8'(d — 1)%)>®) = (Bp—ps1---Ba—1(d — 1)BB] ... By—p)>°. Therefore, if

BB Bur(d— 1) =B pir.. Buca(d— 1B By

then, S"7P((8'(d — 1)%)>®) = (8'(d — 1)")> which is a contradiction by Lemma 3.2.3(a). In
consequence,

BiB2.. Bu1(d =1 < By pi1.. . Bui(d—1DEB .. Bup (3.2.5)

and, by (3.2.1) and (3.2.2), S/(y % K) > (7 *e K)* if o(Kpy1,d) = (d — 1)f (recall that
o(K1,d) = (d — 1)T). Now, assume that ¢(K,41,d) = d*. If

5152 oo 5n—1 < Bn—p-i—l s Bn—l(d - 1)R51 oo Bn—p—l

then we also have S7(y % K) > (y*c K)*. Otherwise, since ' is even, from (3.2.5) we have that

5152 o 5n—1 = ﬂn—p-ﬁ-l s Bn—l(d - 1)Rﬂ£ oo Bn—p—l

and B,_, > dX. If B,_, > d* then the statement follows as before. Hence, 3,—, = d* and so

ﬁiﬁ2 cee ﬁn—ldL = ﬁn—p—l—l cee ﬁn—l(d - 1)Rﬁ1 cee ﬁn—p—lﬁn—p-

This is a contradiction because the left hand side of the above equation has different parity that
the right hand side. The case v odd is handled by analogy. This ends the proof of the first
statement of the theorem.

Now, we are going to prove that yx. is order reversing. Let K, K' "€ K be such that K < K.
Set K = KjKy... and K' = K{K}.... Then there exists n > 1 such that K;...K,,_1 =
K{...K/ ;and K, < K/, if K1...K,_1 is even and K,, > K/ if K;...K,_1 is odd. We will
only consider the case Ki...K, 1 even. The proof in the case odd follows similarly. Then
we have K, = L < R = K. Assume that § is not the empty sequence. Then v x. K =
BdK (K1, B)dE2 . (K1, B)dEn .. and y e K' = Btiix(Ky, B)ta? ... x(Kp_1, B)thn ... .
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Then
BdX (K, B)dE . X (K1, B) = B X (K1, B)ER . X (K_1, B),

dfn = qt, thn (d— 1) and Bd7*x(K1,B)d3? ... x(Kn—1,3) is even. Then, clearly, y % K' <
7 *e K. Now, assume that [ is the empty sequence. Then v x. K = d{ﬁ .. dK"’ldfn ... and

n—1
v Re K = t{q ) ..tfé{ltfa L= d‘lK1 . ..dfff{ltfa ... and the result follows as in the case
not empty. From the assumptions only one of the following two possibilities can occur: either
K, 1K, = RL and K| K/ = RR, or K, 1K, = LL and K] ;K] = LR. Assume that
K, 1K, = RL and K/,_K!, = RR. Then dX» = (d + 1) and t5" = d® and v K' < v K.
Now, let K, 1K, = LL and K! K/ = LR. Then d%» = d* and thn = (d — 1)® and also,
Y xe K "< 7 *¢ K. This concludes the proof of the second statement.

The third statement follows from Theorem I1.2.7 of [9]. &

3.2.6 Concluding remarks

In the preceding section we have shown that the unimodal boxes v . K and 7 x5 K are connected.

However, the topological structure of the spaces
E(7) =7 % K x &

(respectively

55(1) :55 Xy *5/C

is much more complicated. We illustrate this fact with the following examples. Let v =
0X1M. Then v % L = (0F1%)*° and vy xc RL® = 0F0R1F15(0F15)%°. Therefore, v * K =
[(0F1F)>° oFoR1E1E(0F1F)>).

Example 1: the space E(y) contains “accumulating” holes in £ consisting of “horizontal
lines”. Let a = (3F)® € &. Clearly [y * RL™,y* L] x {a} C £* C €. Let now a,, =
(3L (—1L)>* € &. Then a,, < a,41 < a for all n € N. Since S" (a,,) = (—11)® < w for
all w € v x K we have that for all n € N, [y % RL>, v x. L] x {a,,} ¢ £. We also note that
d(a,, @) tends to 0 as n — oo.

Example 2: the ‘accumulating” holes in £ consisting of “horizontal lines” are intertwine

with “horizontal lines” inside £. Let B = (3F)n(28)>° € E5. Then for all n € N, [y x¢ RL™, 7 *



CHAPTER 3. SELF-SIMILARITY OPERATORS 78
Ll x {8, } C € but d(ay,B,) = > =1 % = 5 which tends to 0 when n — oo.

Example 3: there exists “rectangles” in €N (7 * K x 3 %5 K). Let 8 = 3M. Then Sxs L =
(3%)> and SB*s RL™ = 3%(3%)>°. It is not difficult to see that [y RL™, 5% L] x [Bx5 L™, Bxs
RL>®| C €.

3.3 The ©—product

3.3.1 Introduction and preliminary results

In this section we shall study the structure of certain subsets of £, the space of kneading pairs,
in order to explain the structure of the bifurcations of “canonical” families of maps from A, like
the standard maps family.

Let k € Z. We denote by X, the set of sequences in {k”, (k + 1)X}N. Let o = dld¥ ...
and 8 = titl ... be two sequences in X. We consider in X the topology defined by the metric
d(a, B) = %O: 27%|d; — t;|. With this topology, ¥, is a compact metric space. Let Sy, : ¥ — g
denote theﬁlosual shift transformation restricted to ;. Clearly, Sy is continuous. Let mj : X —
Yo be the order preserving homeomorphism defined by mj(d¥dL ...) = (di — k)-(dy — k)E ... .
Clearly, Sy o my, = m, 0 Sg.

For k € Z we define the sets B.(k) = XxNE and Bs(k) = XpNEs. We note that the sets & and
Es are invariant under “translations”. That is, if dj'd5? ... is a sequence in E, (respectively in &)
then (d; + k)®(da + k)®2 ... also belongs to & (respectively &s). Therefore, B (k) = 7, ' (B:(0))
and Bs(k) = 7, '(B5(0)). From Theorem 3.1.1 we have that B(k) (respectively Bs(k)) are the
minimal (respectively maximal) sequences in 3.

For a € R we will denote a — E(a) by D(a). Also, Q \ Z will be denoted by Q*.

We note that from Lemma 2.3.3, if a € Q* and a = p/q with (p,q) = 1 and ¢ # 2 then the
finite sequences ex(a)” ... e,—1(a)l and d2(a)? ... 6,—1(a)l are equal. We will denote this finite
sequence by r(a) (we take as r(1/2) the empty sequence).

Now we are ready to define the ®—products.

For a = d" with d € {0,1} we set @ = (1 —d)*. Then for a € (0,1] and & = ajas... € B.(0)
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we define
0lr(a)arair(a)asdy ... ifa € Q¥
a®ca=1 I(a) if a ¢ Q* and o = (1%)>,
I5(a) if a ¢ Q* and o # (17)*°.

We extend the above definition to each a € R by setting a ®. a = ﬁé(l )(D(a) Oc Q).
a

Now, we define the version ®; of the ®—product as follows. Let a € [0,1) and @ = ajag ... €

Bs(0). Then we set

1Er(a)arair(a)asds ... if a € QF,
a®sa=1 Is(a) if a ¢ Q" and o = (01)>°,
I (a) if a ¢ Q and o # (01)°°,

and we extend the above definition to each a € R by a ©5 a = WE(la)(D(CL) O Q).
The next result which we will be proved in Subsection 3.3.2 gives a first motivation to the

®—products.

Proposition 3.3.1 Leta € R. Then a®(0F)® = f;(a), a®(15)® = I (a), a®s(05)® = I5(a)
and a 5 (11 =T (a).

From the above proposition we see that Theorem 2.3.4 can be written as.

Theorem 3.3.2 Let F € A and let a,b € R with a < b. Then Lr = [a,b] if and only if
Ip(07) € [a 0 (01)°,a O (11)°] and Ip(cz) € [a @5 (04)°,a ©s (15)].

The next result is the main result of this section. It studies the ®—products and will allow
us to describe bifurcations of logistic families of maps from A.

Fora € ¥, a= dfd% ... we define the symbolic rotation number of o as

1 n
p(a) =lim sup — Z d;.
n—oo Moy

Theorem 3.3.3 Let a,b € R with a <b. Then the following statements hold:

(a) Let o, 8 € Be(0) witha < 3. Then a®ca < bOeB. Moreover if a € Q* then a®ca < a®O .

(b) Let a, B € B5(0) witha < 3. Then a®sa < b®s[. Moreover if a € Q* then a®sa < a®s 3.
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(¢) Let o € Be(0). Then a ®c a € & and p(a ®c a) = a.
(d) Let o € Bs(0). Then a Os a € & and p(a O¢ o) = a.

(¢) Leta € Q* and (a, B) € Bc(0)xBs(0) be such that o # (1%)> and B # (0X)>°. If S"(a) < B8
and S™(f) > a for alln > 0, then (a ®c a,a O5 f) € EF C €.

We note that if (o, ) € €, by Theorem 2.3.2 and Proposition 2.3.1 we have that o/ < 3,
S"(a) < B and S™(B) > a for all n > 0. Thus from Theorem 3.3.3(e) we have the following.

Corollary 3.3.4 Let a € Q* and let (a, ) € (B:(0) x Bs(0)) N E be such that a # (1¥)> and

B # (01)®. Then (a ©c a,a O5 ) € E* C €.

We will prove Theorem 3.3.3 in Subsection 3.3.3.

3.3.2 Definitions and preliminary results

We start by introducing some technical results about the sequences I;(a), I (a), I5(a) and I, (a).

The following lemma is due to Alseda and Marfiosas [5].
Lemma 3.3.5 The following statements hold:

(a) If a = p/q with (p,q) = 1 then I.(a) and Is(a) are periodic with period q (i.e. S(I.(a)) =
I(a) and S9(Ls(a)) = I(a)).

(b) Let a,b € R with a < b. Then I.(a) < I.(b), I;(a) < L;(b), L.(a) < L. (b) and I3(a) <
I5(b).

From Theorem 2.3.2 and Theorem 3.1.1 we have the following.

Lemma 3.3.6 Let a € R. Then f:;(a),ze(a) € & are minimal and z(;(a),f:(a) € & are mai-

mal.

Lemma 3.3.7 Let a € R. Then €1(a) < €(a) <e€1(a) +1 and 61(a) — 1 < d;(a) < d1(a) for all

1> 1.

Proof. We recall that €;(a) = E(ia) — E((i — 1)a) = E(a+ (i — 1)a) — E((i — 1)a). Then,
from the fact that E(z) + E(y) < E(x +y) < E(z) + E(y) + 1 for all z,y € R, we have that
€1(a) < €(a) < e€r(a)+1for alli > 1. In a similar way we can prove that d1(a)—1 < 6;(a) < d1(a)

foralli>1. 1
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Lemma 3.3.8 Let a € R. Then I (a), I;(a) € Yz and I5(a),I.(a) € Y E(a)-

(a)

Proof. From Lemmas 3.3.5(a) and 2.3.3, the fact that €;(a) = 6,(a) — 1 = E(a) = E(a) ifa ¢ Z
and Lemma 3.3.7 the statement follows when a ¢ Z. If a € Z, then from Lemma 2.3.11 we have
that I (a) = I5(a) = (a¥)>, I.(a) = (a+ 1) (a®)™ and I;(a) = (a — 1)E(a®)>®. Since E(a) = a

and E(a) = a — 1 the statement follows also in this case.
Then we have the following corollary which will be useful in the next section.
Corollary 3.3.9 Let a € R. Then I.(a), I;(a) € B(E(a)) and I;(a), I (a) € Bs(E(a))).

Proof. 1t follows from Lemmas 3.3.8 and 3.3.6. 1

Corollary 3.3.10 Let a € R. Then I (a) = ﬂég )(Ze(ﬁ(a))), I5(a) = n=' (I;(D(a))), Is(a) =

Ty (L5(D(@))) and I (a) = w5y (F£(D(0))).

Proof. Let a € R. Then

If a ¢ Z, since E(a) = E(a) and D(a) = D(a) we have that I (a) = ﬂé(la)(ze(ﬁ(a))). Oth-
erwise, by Lemma 2.3.11, I .(a) = (E(a)*)™® and since D(a) = 1 and E(a) = E(a) — 1 we
get L(a) = 73, (L(D(a))). Also, I(a) = myi,)(I.(D(a) if a ¢ Z. Otherwise, I (a) =
(E(a) + )*(E(a))>® = 75, (I:(D(a))). The other two cases follow in a similar way. I

Lemma 3.3.11 Let a € Q" be with (p,q) = 1. Then €;(a) = €1(a) + 1.

Proof. If €;(a) # €1(a) + 1 then, by Lemma 3.3.7, we can assume that €,(a) = €;(a). Then by
Lemma 3.3.5(a), I, (a) = (€1(a)’r(a)e (a)X)>®. By Lemma 3.3.6, S (I (a)) = (e1(a) €1 (a)Fr(a))™ >
I.(a). Thus, by Lemma 3.3.7, ex(a) = e1(a) and, proceeding inductively, we obtain that
I.(a) = (e1(a)F)*>; a contradiction by Lemma 3.3.5(a). 1
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Remark 3.3.12 In view of Lemmas 2.3.3 and 3.3.11, for a € Q*, we can write

= ala)’r(a)(e(a)(er(a) + 1)Fr(a)>,

= (e(a)r(a)(er(a) + 1)5)>

= ((a(a) + ))L(a)()),

= (a(a) + Dr(a)((a(a) + DFea(a) r(a))™.

s

M~ b b~ By
—~ —~ —~~ —~
s s}

N— ~— N— N—

|

s

The above observation already allow us to prove Proposition 3.3.1.

Proof of proposition
Proof. We will only prove that a ®, (1X)® = I (a). The proof of the other three statements
follows similarly. From Corollary 3.3.10 and the definition of ®, we can assume that a € (0, 1].
Now, the statement follows directly from the definitions if a ¢ Q*. If a € Q* the statement
follows from Remark 3.3.12 and the fact that €;(a) = 0. &

3.3.3 Proof of the Theorem 3.3.3
We start with a technical lemma.

Lemma 3.3.13 Let a = p/q € Q* be with (p,q) =1, Then

(a) ei(a)(er(a) + 1)*r(a) > er(a)’r(a)e(a)”.

(b) For 1< j <q—1 we have that

ei(a)f .. egi(a)Fer(a)(er(a) + DEex(a)r .. ej_1(a)* > er(a)Pr(a)er(a)”

and

ei(a)l . eg1(a) (er(a) + DEer(a)lea(a)t .. ej_1(a)" > er1(a)rr(a)(er(a) + 1)F

(¢) (ex(a) + Fer(a)’r(a) < (er(a) + 1) r(a)(er(a) + 1)".

(d) For 1< j<q—1 we have that

ei(a)t . egoi(a)E(er(a) + DEer(a)lex(a)? ... ej_1(a)* < (e1(a) + 1)Er(a)(er(a) + 1)F
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and
ei(a)l . egi(a)Fer(a) (er(a) + DlEea(a)r .. ej_1(a)" < (er(a) + 1) Er(a)er(a)*

Proof. Since, by Remark 3.3.12 and Lemma 3.3.6,

K

Is(a) = e1(a)"r(a)(er(a)* (ex(a) + 1)"r(a))>

and is a minimal sequence we have

If

then
~k

I5(a) = ei(a)’r(a)e(a) (er(a) + DF ... >
c1(a)*(e1(a) + Dfr(a)e(a)’ ... = ST (L5(a));

a contradiction with the minimality of I5(a). This ends the proof of (a). Now, we prove (b).

Again by the minimality of f:;(a), for 1 < j < q—1 we have
ei(a)l . eg1(a)Fer(a) (er(a) + DEea(a)r .. ej_1(a)* > er(a)ir(a)er (a)*.

If in the above inequality the equality holds, we have

Sj_l(f:;(a)) = ej(a)L ooeg-1(a)Fer(a)(e1(a) + 1) Eea(a)t . .. ej_l(a)Lej(a)L ...

= e1(a) r(a)er(a)le (o)l ... < er(a)lr(a)e(a)l(er(a) + 1)Er(a). .. = I5(a);

a contradiction. Hence,

ei(a)t .. ego1(a)Fer(a) (er(a) + DEea(a)r ... ej_1(a)" > e1(a)Fr(a)er(a)”.
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Now, we prove the second part of statement (b). Since by Remark 3.3.12 and Lemma 3.3.6

~

L(a) = (er(a)*r(a)(er(a) + 1)7)

~ ~

is a periodic minimal sequence of period g then for 1 < j < g—1 we have that S7=(I.(a)) > I.(a).
Thus

ei(a)l . eg1(a) (er(a) + Der(a)re(a)t .. ej_1(a)* > er(a)ir(a)(e(a) + 1)

Otherwise, the equality holds and so S9~1(I.(a)) = I.(a) with j < ¢; a contradiction. This
concludes the proof of statement (b). By using the sequences I, (a) and I3(a) instead of Is(a)

and I_(a) statements (c) and (d) follow in a similar way. 1

Proof of Theorem 3.3.3. We start by proving (a). Assume that E(a) =k< E(b) From the

definition of ©¢ it follows that a ©®. a € ¥ and a O 8 € EE . Then, if a ®. a = k...,

b
clearly, a ©®ca < a ©c 8. lf a ©c a = (k + 1)L ... then, from the ilzzﬁnition of ®, it follows that
a ¢ Q*. Moreover, from the definition of I, (a) and I;(a) (see also Lemma 2.3.11) it follows
that a = k+ 1 and a ®ca = I (k+ 1) = ((k + 1)X)>®. Clearly, ((k + 1)1)>® < 7 for each
7 € X with m > k. This proves statement (a) in this case. So, assume that E(a) = E(b).
By the definition of ®,, Corollary 3.3.10 and the fact that T a) is order preserving we may
assume that E(a) = E(b) = 0 (that is, a,b € (0, 1]). We consider first the case a = b. If a ¢ Q*
then, from Theorem 2.3.4 we have that I;(a) < I.(a). Hence, for each a € Bc(0) \ {(1X)>®},
a®ca= I;(a) < I (a)=a® (1¥)>®. Therefore, a ®, a < a O, B for each a, 3 € Bc(0). Take
now a € Q*and set @ = ajag... and 8 = (132 .... Since a < 3, there exists k > 1 such that
at...ap—1 = 1...0k-1 and ap < Bg. Then a ©c a < a ©, B directly from the definition. This

ends the proof of statement (a) in the case a = b. We note that in particular, from Proposition

3.3.1, we have proved that
Iia) = a0 (01)* <ao.a<a®, (11)® =TI (a)

for each o € Be(0). Now we assume that a # b. Take ¢ € (a, b) irrational. Then since I, (c) = f(;(c)

(see Lemma 2.3.3), from Lemma 3.3.5(b) we get that I.(a) < I.(c) = I(c) < I3(b). So, from
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above we have

a®ca < I(a) < L) <bo. b

This concludes the proof of statement (a). Statement (b) follows in a similar way.
Now, we prove the first statement of (c). Without loss of generality we may assume that
€ (0,1]. If a ¢ Q* then the statement follows from the definition of ®. and Lemma 3.3.6.
Now, assume that a € Q*. From Proposition 3.3.2 and Lemma 3.3.6 we also have that a ©
(01)*,a ®, (1¥)>® € B.(0) C &. Therefore, we may assume that o ¢ {(OL)‘X’, (1L)°°}. Since «
is minimal, we have o = oL. ... Indeed, otherwise we have S™(a) > a = 1L ... for each n > 0.
Hence a = (1¥)%°; a contradiction. Consequently, a ®, a = 0Lr(a)0X1% ... . To end the proof
of the first statement of (c) we have to prove that S7(a ®c a) > a ® a for each j > 1. Let

a=ajay...and a = p/q with (p,q) =1 and m > 1. Then
ST (a ®c &) = Q1 (a)Um41Gmat - - - -

If av,, = 17, then @,,, = 0¥ and, since o is minimal, we have S9"(a ® a) > a ®¢ a. If a,, = 0F

and @, = 1¥ then clearly, we are done. Now we look at
qu_l(a Oc @) = W Omr(a)om+180m+1 - - - -

If o, = 1%, obviously Sma=a®.a) > a®c a. Assume that a,, = 0%. Then ay,dm = 017 and
the desired inequality follows from Lemma 3.3.13(a) (recall that we are assuming that a € (0, 1]

and a € Q*; that is €1(a) = 0). Now, assume that 1 < j < ¢ — 1. Then
Sm=Nati=l(4 o, ) = ei(a)l .. eq1(a) amn, . ..

and, from Lemma 3.3.13(b), we get S(m_l)q+j_1(g ®c a) > a ®¢ . This ends the proof of the
first statement of (c¢). The fact that p(a ®. a) = a follows straighfordwardly from the definition
of ®, and the fact that p(I.(a)) = p(Is(a)) = a. This ends the proof of (c). Statement (d)

follows in a similar way.
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Now, we prove (e). Assume that a = p/q with (p,q) = 1 and set @ = aja... and 3 =
B1Ba... . Since a € Q* we have that E(a) = E(a) = ¢;(a). Hence,

a @ a = e (a)lr(a)adir(a)asds. . .

and

a®gs é = (61(@) + 1)L£(a)51§1£(a)52§2 o

Since a # (1) and is minimal and 8 # (0%)*° and is maximal, in a similar way as before we
obtain that a = 0 ... and B = 1L ... . Therefore a < B and (aGca) <a®s 3. Moreover, since
S"(a) < B, we obtain S™(a ®c a) < a ®s B in a similar way as above by using Lemma 3.3.13(c)
instead of Lemma 3.3.13(a) and Lemma 3.3.13(d) instead of Lemma 3.3.13(b). On the other
hand, from S™(3) > a and Lemma 3.3.13(a)—(b) we obtain S"(a®s ) > a®,a. Then statement
(d) follows from the definition of £* C £ 11

Now we will introduce the notation that in the next section will allow us to speak about
iterated ®—products.

Let v = (v1,...,v,) € [Ij21(0,1] and a € B.(0). We note that if 3 € B.(0) then, by
Theorem 3.3.3(c) and the definition of ®, v; ®¢ 8 also lies in B(0). Therefore, the sequence

V1 O V2 O¢ ( .. ('Un—l OF (UTL Oe Q)) e )

is well defined. We will denote it by v ®, a. Now we take v = (v1,...,v,) € [[7 (k, k + 1]
with k& € Z and we extend the notation ¥ ®, a to this case as follows. Let 5(7) =

(D(v1),...,D(vy)). Then we set

In a similar way let @ = (v1,...,v,) € [[}-1[0,1) and a € Bs(0). Then, by using Theorem
3.3.3(d), we define

—

vV Osa=1v1 O (V2 O (... (vp—1 O (v, Os Q) ...).
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If v = (vi,...,v,) € [[%4 [k, b+ 1) with k € Z and let D(@") = (D(v1),...,D(v,)). Then we
set

T Oca=m (D(T) ©s ).

We note that if v € R then from Theorem 3.3.3(a)—(b) and Corollary 3.3.9 we have that
v O Ls(a) < vee I (a) and v ®5 Is(a) < v ©5 L, (a) for all a € (0,1). Therefore we can consider
the following two closed intervals [v ®, I5(a),v Oc I(a)] C & and [v O Ls(a),v ®5 L. (a)] C &.

Additionally we can define recursively the following set of intervals.

Let v = (v1,...,v,) € [1I2; (0,1] N Q* and a € (0,1]. Then the interval

~

[V ©c I3(a), U ©c L(a)]

in & will be denoted by Qc(a, v'). If ¥ = (vi,...,v,) € [[In(k,k+1]NQ* and a € (k,k + 1]

with k € Z, then we denote the interval

~  ~

[ (D(T) @ I;(D(a)), m; (D(V) ©c L(D(a)))]

in & by Qc(a, ).
In a similar way let v = (vy,...,v,) € [[.1]0,1) N Q* and a € [0,1). Then we denote the
interval

[V @5 Ls(a), T 05 L (a)] C &

by Qs(a, V). If ¥ = (v1,...,v,) € [[I1[k,k +1) N Q* and a € [k, k + 1) with k € Z, then we

denote the interval
7 {(D() @5 Is(D(a))), 7 {(D() @5 Is(D(a)))] C &

by Qs(a, ).

3.4 Bifurcation structure in the Arnol’d tongues

In this section we will use the products defined in the previous two sections to describe the
internal structure of the “boxes” Q.(a) and Qg(a). In particular this gives the structure of

the symbolic Arnol’d tongues. To do it we will use the unimodal boxes of sequences of the
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form a ®. o and a ®s5 a. We recall that in Subsection 3.2.3 we have defined the unimodal box
of a periodic sequence 7y from P, (respectively Ps) as v xc K = v % [L*°, RL*] (respectively
v *s K = v %5 [L>, RL*]).Thus, in order that the unimodal boxes of a ®. @ and a ©5 o are
defined it is necessary that these sequences are periodic. The next result characterizes the

periodic sequences of the form a ®. o and a ®g a. It will be proved in Subsection 3.4.1.
Proposition 3.4.1 Let a € R. The following statements hold.

(a) Let o € B.(0)\ {(0%)®°} be periodic. If a ¢ Q then a ®, a is not periodic. If a € Z then
a®ca is periodic if and only if « = (1¥)°. Moreover, a™ € P. and a®.(1¥)® = aM x L.
If a € QF then a ® « is periodic. Moreover, there exists QdM € P. such that a ®. a =
BdM % L.

(b) Let a € Bs(0)\{(1¥)>®°} be periodic. If a ¢ Q then a ®s v is not periodic. If a € Z then
a®sa is periodic if and only if a = (0%)>®. Moreover, a® € Ps and a®s(0X)® = a® x5 L.
If a € QF then a ®s a is periodic. Moreover, there exists gdc € Ps such that a ©O5 a =

BdC x5 L.

Now we can define the unimodal box of a sequence of the form a ®, o as follows. Let a € Q

and a € B.(0) \ {(0X)>} be periodic. Then, with the notation of Proposition 3.4.1(a), we set

BdM x K if a € Q,

aMx. K ifa€Zand o= (11)>.
Let now a € Bs(0)\{(1X)*°} be periodic. With the notation of Proposition 3.4.1(b), we set

@dc*(;lC ifa € QF,

Us(a O5 a) =
a® x5 K ifa € Z and a = (0%).

The next theorem already gives a first approximation to the symbolic structure of the “boxes”
Qc(a) and Qs(a) (and hence to & and ). It will be proved in Subsection 3.4.2

Theorem 3.4.2 Let a € R. Then the following statements hold.

(a) If a ¢ Q then Qc(a) = {I5(a)}.

(b) If a € Z then Q(a) D U (L (a)).
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(c) If a € Q then Qc(a) = {I;(a)} U (Uce(ﬁ(a),ﬁ(a)ﬂ} Qc(c,a)). Moreover if ¢ < ¢ then
for each a € Qc(c,a) and B € Qc(c,a) we have that a < 3.

(d) If a ¢ Q then Qs(a) = {I;(a)}.

(¢) If a € Z then Qs(a) D Us(Is(a)).

(f) If a € Q* then Qs(a) = {I.(a)} U (Uee[E(a), B(a)+1) Qs (¢, a)). Moreover if ¢ < ¢ then
for each a € Qs(c,a) and B € Q5(c, a) we have that o < 3.

The iterative use of Theorem 3.4.2 already gives the full structure of Q.(a) and Qs(a) for
a € Q*. Indeed, the structure of the “inside boxes” of the form a ®, Q.(c) and a ®5 Qs(c) can
be deduced from Theorem 3.4.2 and Theorem 3.3.3. Therefore, we obtain the following result
which is the main result of this chapter. It already describes the bifurcation pattern when the
sequence I (0%) (respectively I r(c;)) crosses the boxes Q.(a) (respectively Qs(a)) with a € Q*
(that is, when the left (respectively right) endpoint of Rp goes through a € Q¥).

Theorem 3.4.3 Let F € A be such that Rp = [x1,y1] for some x1,y1 € R. Then the following

statements hold.

(a) If 21 € Q* and E(x1) = k then for I-(07) € Qc(x1) one and only one of the following

statements hold:

(a.1) There exists {xptns1 € (k,k + 1] N Q* such that I1p(0%) € Qc(@n, @n_1) for each
n > 2 where @ ,_1 denotes the vector (x1,...,2p_1). Moreover for alln > 2 we have
that Qc(w1) D Qc(wpn, @n_1) D Q(Tns1, Tn)-

(a.2) There exist n > 2 and a vector @ pn_1 = (T1,...,Tn_1) with x2,...,2, € (k,k + 1]
and x; € Q* fori = 1,...,n — 1 such that ZF(0+) € Qc(xg, (x1,...,2K-1)) for
k=2,3,...,n—1 and one and only one of the following statements hold:

(a.2.1) Ip(0%) is equal to @ po Oc Ly(D(xn_1)) if n > 3 and Ly(x1) if n = 2.
(0.2.2) x, € Z and Ip(0%) € Qu(an, @n1) D U(T 1 Oc I (D(zp)).

(0.2.3) 2n ¢ Q and I-(01) € Qc(n, @po1) = {0 n_1 Oc L.(D(xn))}.

(b) If y1 € Q* and E(yl) = k' then for zp(c;) € Qs(y1) one and only one of the following

statements hold.
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(b.1) There exists {yn}n>1 € [k, k' +1) N Q* such that L;(c;) € Q(;(yn,?)n_l) for each

n > 2 where 7n_1 denotes the vector (yi,...,Yn—1). Moreover for all n > 2 we have
— —
Qs(y1) D Qs(Yns b 1) D Qs(Yn+1, b n).

(b.2) There exist n > 2 and a vector ?n_l = (Y1, Yn—1) With yo,...,yn € [k, k+ 1)
and y; € Q* fori=1,...,n — 1 such that zF(c;) € Qs(Yk, (Y1, -+, Yp—1)) for k =
2,3,...,n— 1 and one and only of the following statements hold:

(b.2.1) Zp(c;) is equal to ?n_g @5 L (D(yn-1)) if n >3 and I (31) if n = 2.
~ — — ~
(0.2.2) yn € Z and Lp(c;) € Qs(Yn, b n1) DU b 105 Ls(D(yn)))-

—

(b.2.3) yo ¢ Q and Ip(c;) € Qs(yn, b n1) = {1 ©5 I5(D(yn))}-

Theorem 3.4.3 will be proved in Subsection 3.4.2.

3.4.1 Proof of Proposition 3.4.1
To prove Proposition 3.4.1 we need three preliminary results. The next lemma follows easily.

Lemma 3.4.4 Let o = ajas...,8 = a1f2... € AD be such that o < 3. Then the following

statements hold.
(a) If on = d* then S(a) < S(B).
(b) If ay = dft then S(a) > S(B).
The following proposition characterizes the sequences in P, and Ps.
Proposition 3.4.5 The following statements hold.

(a) Let 3 € = be such that v = ﬁdM is minimal satisfying that if Sj_l(l) =d®... for some
j=0,1,...,|y] = 1, then Si(y) > +'. Then there exists F € A such that I:(0) = 7.

Moreover v € Pe.

(b) Let B €  be such that y = 3d® is mazimal. Then there exists F € A such that L:(CF) =7.

Moreover v € Ps.

Proof. We will prove statement (a). Statement (b) follows similarly. The strategy of the proof
will be to construct effectively a map F' € A such that lAF(O) = 7. We proceed as follows. Set
vy =di'dy?...d)" ' dir with s, = M. Let k € Z be such that max{|d;| : i = 1,...,n} < k and

o ¥n—1%n

let ¢ € (0,1). Now, for j =0,1,...n— 1, we choose points z(57(v)) € [0,1) such that
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1. z(y) =0,

2. if for j = 1,...,n — 1 we have S77!(y) = djL (respectively S771(y) = df...) then
z(57(7)) € (0,c¢) (respectively z(57(v)) € (c, 1)),

3.if for i« # 4, 4,5 € {1,2,...,n — 1} we have 2(5'(v)),z(S(7)) € [0,¢) (respectively
2(S(7)), z(57(7)) € (¢,1)), then z(S*(7)) < z(57(y)) if and only if S*(y) < S7(v) (respec-
tively S'(v) > 57(v)).

We note that, by the minimality of v, we have z(y) < z($7(y)) for j = 1,2,,...n — 1.

Therefore we can write

z(y) < a8 (1) < ... <a(S*(1) <e < (S (1) < ... <z(S7(y)).

Then we set jo = 0 and we take F € £ such that F(c) =k, F(z(57 (7)) = z(57**1(y)) + dj,+1
if jy #n—1, F(z(S" (7)) = d, and F is affine in [z(5% (7)), z(S7+1(y))] for t € {0,1,...,n —
11\{k} and in [z(57 (7)), ] and [c,z(S7%+1(7))]. Now, we claim that F € A. To prove it note
that F(c) = k > F(2(57(y)) for j =0,...,n — 1. Then F|3(s95 (7)),¢ 18 strictly increasing and
F|[C’x(sjk+1(ﬁ/))] is strictly decreasing. Let ¢ be such that [m(S]t(_l)),:E(Sjt“(y))] C [0,¢). We

have S7t(y) = djffll . < djz’:l:ll = SItt1(y). If either dj,41 < dj, 41 oF dj41 = dj, 41
S5 +1
and sj,11 < Sj,,,+1, then clearly F(z(57(v))) < F(z(57*+1(y))). Now, assume d]zfll = djzt:lﬂrl .

From Lemma 3.4.4 we have that either S7*1(y) < S9+1%1(y) if s; .1 = L or S9t+1(y) >
Sttt (y) if sj,41 = R. In both cases x(S**1(y)) < x(5++171(y)) and, in consequence,
F(z(S7(y))) < F(x(S7+1(y))). Thus F\ (S9(2) (5741 (1)) is strictly increasing. In a similar
way we can prove that if [z(57(y)),z(57t+1(y))] C (c,1) then F][x(sjt(y))’x(sjwl(Vm is strictly
decreasing. To end the proof of the claim we have to prove that F_(x(Sjnfl(i))) > F(1).
Since z(5"-1(y)) € (¢, 1) we have that Sn-171(y) = di,l ... Then Sin-1(y) > +. If ei-
ther dj, 41 > (di + 1) or dj,_,+1 = (di +1) and s;, ,.+1 = R > L = s; then, since
F(1) = F(0) +1 = 2(S(y)) + d1 + 1 and F(z(S~1(7))) = x(S""~*1(y)) + dj,_, 41, we have
that F(z(5/m-1(v))) >
that F(x(S7n-1(y))) >

Lastly, we have I, 7(0) = 7 by construction. Also, from Lemma 3.2.2(a) we have that v € P..

1+1

) F(1). On the other hand, assume that d,’ n— "1 = (di1 +1)°. We obtain
)

F(1) as above by using Lemma 3.4.4. This ends the proof of the claim.

This ends the proof of the proposition. I
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The next lemma characterizes the periodic sequences in B¢(0) and Bs(0).
Lemma 3.4.6 The following statements hold.

(a) Let a € Be(0)\{(07)>, (1¥)>°} be periodic. Then o = (0L315)>° for some B €

(1

(b) Let a € Bs(0)\{(0X)>, (1F)>°} be periodic. Then o = (1X80%)> for some 3 € E.

Proof. Clearly a is of the form (df3d%)> with 8 € E. Assume that d; = 1. Since a is minimal
we have that o = 17... < S7(a) for all j. Then S’(a) = 1¥... for all j and, in consequence,
a = (1¥); a contradiction. Hence d; = 0. Now, assume that d,, = 0. Then a = (0¥30%)>. If
B is the empty sequence then o = (0%)*°; a contradiction. Now assume that B is not the empty
sequence and set 3 = (33 ... 3, 1. Since o is minimal o = 03y ... <0M0LB,y ... = S"1(a). Thus
B2 = 0F. Proceeding inductively we obtain that 3; = 0 for i = 2,...,n — 1. Thus a = (0%)>; a

contradiction. This ends the proof of (a). Statement (b) follows in a similar way. I

Proof of Proposition 3.4.1. We will only prove statement (a). Statement (b) follows in a
similar way. The fact that a ®5 a is not periodic when a ¢ Q and when a € Z is periodic
if and only if o = (1) follows from the definitions of ®. and of the sequences I;(a) and
I.(a). The third statement follows directly from the definitions. Now we prove the last two
statements. Assume that a € Q*. If ¢ = (1%)* then a ®, a is periodic by Proposition 3.3.1 and
Lemma 3.3.5(a). Moreover if a = p/q with (p,q) = 1 then a ©5 a = (e1(a)lea(a)® ... e4(a)r) .
Let a € B.(0)\{(1X)*}. By Lemma 3.4.6(a) we get a = (0ay...a,_11%)>®. Without loss of

generality assume that E(a) = 0. Then
a @ a = (0Fr(a)0F 1 r(a)as . . . r(a)an_1Gn_17(a)1%)>

is periodic. Now, let v = 0Lr(a)0F1Er(a)as . .. r(a)an—1@n_1r(a)1M. Clearly, a ® @ = 7 x¢ L.
Since, from Proposition 2.3.8(b), 0¥r(a)1 is a minimal sequence, by using Lemma 3.3.13(a)-
(b), we have that v is a minimal sequence (note that €;(a) = 0). Then by Proposition 3.4.5(a)
we have that v € Pe. I

3.4.2 Proof of Theorems 3.4.1 and 3.4.3

To prove Theorem 3.4.2 we will use the following technical lemma.
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Lemma 3.4.7 Let a € R. Then

~

(z;(a)’le(a)] = Ube(ﬁ(a),ﬁ(a)-H] Qc(b,a)

and

I5(a), I, () = Uselm(a).B(a)+1) Qs (b, a).

Proof. From the definition of ®, and Corollary 3.3.10 we may assume E(a) = 0. Since [(0F)>°, (1£)*] =
[1.(0),1.(1)] = [I;(0), I5(1)] from Theorem 2.3.4 and Lemma 3.3.5(b) we have that ((0%)>°, (1£)*°] =
Uae(0,11Qe(a) and [(0F)%°, (15)>®) = Uae0,1)@s(a). Then, by using Proposition 3.3.1 and The-

orem 3.3.3(a)—(b) we have that (I5(b), L. (b)] = (b ®c (0X)%°,b O, (1£)>°] = Uae(0,1]Qe(a, b) and
[L5(0), L (b)) = [b ©c (), b ©c (15)) = Uae(0.Q5(a,b). B

Proof of Theorem 3.4.2. We prove (a)—(c). Statements (d)—(f) follow in a similar way. Clearly
if a ¢ Q then Q.(a) = {I.(a)} because Is(a) = I.(a). This proves (a). Now, let a € Z.
Since a ®¢ (1£)° = I (a), then U (L (a)) = U(a ®c (1F)®) = [aM % RL>®,a™ %, L®]. As
a™ % RL® = (a — 1) ... > (a — 1)F(a?)>® = fg(a), statement (b) follows. Let now a € Q*.
From Lemma ?? the first part of (c) follows. The second part follows from Theorem 3.3.3(a)

and Theorem 2.3.4. This ends the proof of theorem. I
The rest of this subsection is devoted to prove Theorem 1.5.3.

Proposition 3.4.8 Let k € Z and let {z,},en € (b k + 1) N Q* be a sequence. Let @, =
(x1,...,2y,) for n € N. Then for all i > 1,

Qc(w1) D Qe(wis1, @) D Qe(wiv2, @it1)

and

Qs(z1) D Qs(wiv1, @) D Qs(Tita, @it1)-

Proof. As before, without loss of generality we assume that x,, € (0,1) for all n € N. ByLemma

3.3.5(b), by using standard arguments, we see that

~

(05)%° = 1.(0) < Ij(zn) < L(wn) < L(1) = (17)>
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for all n € N. Thereforefrom Theorem 3.3.3(a) and Proposition 3.3.1, we have that

Is(xn) < Tn Oc Ls(@ni1) < 2n Oc L (2n11) < L(22). (3.4.6)
If we use Theorem 3.3.3(a) in (3.4.6) replacing n by n + 1 we obtain that

Ty Oc Ls(Tnt1) < T Oc (Tna1 Oc Ls(Tny2)) <

Ty Oe ($n+1 Oc i\g($n+2)) < Ty Oc ze(xn—l-l)-

From (3.4.6) the first statement follows in the case n = 1. Assume now that the first statement

follows for n > 1. Then we have that

T Oc Iy (2ns1) < Tnit Oc Ly(ny2)) <

E)n—i-l ®5 ze(xn+2)) < 7n ®5 ze(xn—i-l)'

By using (3.4.6) with n + 1 instead of n, from Theorem 3.3.3(a), we obtain that

@ Oc Iy (2n41) < T Oc (Tn41 Oc Ly (Tn12))) <

?n Oc ($n+1 Oc Z ($n+2))) < 7n Oe 1\5($n+1)-

This concludes the proof of the first statement. The second one follows in a similar way. I

Proposition 3.4.9 Letk € Z,n € N and let x1,...x, € (k,k+1)NQ*. Set @'y, = (71,...,1,).
Then, for each c € (k,k+ 1) such that ¢ ¢ Q, we have that

and

Qs(c, @n) = {@n ®5 I5(D(c)}.
Also, U@y @ L.(1)) C Ok +1,7ay) and Us(@p ®s L5(0)) C Qs(k, @n).

Proof. As in the previous results, whitout loss of generality assume that & = 0. Then by the

definition of Q.(c, @’,) and Qs(c, @), and Lemma 2.3.3 the statement follows for c irrational.
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To end the proof of the proposition we will show that

~

W @ Iy(1) < 1M % RL® < g1M 5 L™ = @, 0 L(1).

Recall that, from Proposition 3.4.1(a), @, ®c L (1) = B1M 5 L. Since I.(1) = (1%)*° from
Proposition 3.4.1(a) we have that 2, © I.(1) = L(z,) = (0“r(2,)1%)> is periodic. Assume
that r(z;) has length k; for i = 1,2,...,n. Let (0Lr(2,)15)° = (Bin - - Br,41.015)> = (énlL)‘X’

and let
1+(kn+1)kn—1+2(kn+1)

1 :OLf(xn—l)ﬁl,nﬁl,nf(xn—l) . ﬂ(xn—l)ﬁkn-i-l,nﬁkn-l-l,nf(xn—l) .

B

n—

Then, from the definition of ®., we have that

~

Tp—1 Oc (xn OF 15(1)) = (é 1L)OO

n—1

and

ot Oc (20 O Ly(1) = . 0F1F ..

Proceeding inductively we obtain that
@O L(1) = (B,15)

and

@0 L(1) = g0kt

By Proposition 3.4.1(a) we can write @', ®¢ I (1) = gllM *x¢ L. Then we have that QllM *e
RL>® = gloR ... . In consequence ﬁllM*ERLOO > WnQEf;(l) and U (@ n®cL. (1)) C Oc(c, @)

The second inclusion follows in a similar way. This ends the proof of the proposition. I

Proof of Theorem 3.4.3. We prove statement (a). Statement (b) follows in a similar way.

Without loss of generality assume that E(z;) = 0. From Theorem 3.4.2(c) we have that

Qc(21) = {Ly(21)} U (Upye(0,1] Q2. 21)).

Then we have one and only one of the following four possibilities:
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(1.1) Ip(07) € Qc(wa, 1) = Qc(w2, @1) with z € Q*.

(1.2) Ip(0") = Ii(z1).

(1.3) Ip(07) € Qe(1,21) = Qc(1, @)

(1.4) Ip(07) € Qc(wa, 1) = Qc(a, @1) with 22 ¢ Q.
Now, assume that (1.1) holds. Since

Qc(x2,21) = [21 ©eg($2),$1 ®c L(2)]

= [11 ®c (22 @ (0%)®), 71 ¢ (72 @ (1))
we have that
Qc(w2, 1) = { @2 @c (01} U (@2 ©c L(0), @2 ©c L (1)]

is equal to { @'y ©c (01)%} U (Up,e(01)[ @2 Oc L;(23), @2 @c L (w3)]). Thus
Qe(wa, w1) = {02 ®c (07)} U (Upye(0.1]Qe(w3, @2)).

Then one and only one of the following four possibilities hold.
(2.1) Ip(01) € Qc(x3, @2) with x3 € Q*.

(2.2) Ip(0F) = T2 @c (05)° = @1 O I5(x2).

(23) Ip(0%) € Qc(1, 7).

(2.4) Ip(07) € Qc(ws, @'2) with 23 ¢ Q.

Proceeding inductively we have that if (n-1.1) holds then one and only one of the following

four possibilities hold.

(m.1) Ip(0%) € Qc(@ntr, @n) with 2,41 € QF.
(0.2) Ip(0%) = @poy Oc Ly(n).

(n.3) Ip(07) € Qc(1,7ay).

(.4) Ip(0%) € Qc(ny1, @p) with 2,41 ¢ Q.
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We note that statement (a.1) is equivalent to say that statement (n.1) holds for all n > 1.
From above we have that either (n.1) holds for all n > 1, or there exists n > 2 such that (n-1.1)
does not hold and one and only one of the three conditions (n-1.2)—(n-1.4) hold. Then the

theorem follows from Propositions 3.4.8 and 3.4.9. 1

3.4.3 Concluding remarks

In this chapter we have described the structure of the boxes Q.(a) and Qs(a). This gives a good
information on the bifurcations occurring when the left (respectively right) endpoints of the
rotation interval goes trough a rational. However to describe the self-similar structures of the
Arnol’d tongues, a deeper knowledge of the topology of the sets T¢(a) and T5(a) (and hence of £)
is needed. In this context an open problem in to characterize the symbolic structure of the part
of the integer boxes which is the complement of the unimodal ones. That is, Qc(k)\Ue (L. (k))
and Qs(k)\Us(Ls(k)) (see Theorem 3.4.2(b) and (e)) for k € Z.

On the other hand, Theorem 3.4.3 can be viewed as a refinement of Theorem 2.3.4 (see [5])
thus giving a better approximation on topological entropy and the set of periodic points of the

map under consideration.

3.5 Appendix

Proof Of Theorem 8.1.1. Clearly if a € & then from the definition of £ we only have to prove the
“only if ” part. To do it let a = dj*d5? ... be a minimal sequence satisfying that if some n > 0,
S™(a) = df ..., then S”“(g) > /. Since « is an admissible sequence there exists & € N such
that for all i > 1, | d; |< k. Clearly S™(a) < ((k+1)%)* for all n > 0. Thus (a, ((k+1)1)>®) € &.

This ends the proof of (a). Statement (b) follows in a similar way. I



Chapter 4

Topological entropy

4.1 Introduction

In [17] Hockett and Holmes describe certain bifurcations of a continuous one-parameter family of
degree one circle maps in terms of the relation between the parameter and the rotation interval
of these maps. To carry on their study they use the natural extension of the “Kneading Theory”
of Milnor and Thurston [20] to the family of maps they consider. This extension is based in the
use of an “ad hoc” coding. In order to maintain small the number of symbols of this coding
(and, therefore, to maintain the difficulty of the computations at a reasonable level) the authors
have to impose a restriction on the “height” of the maps under consideration (see Section 2.2
for a precise definition of “height”).

The purpose of this chapter is to obtain a simple formula for the topological entropy of the
maps from the family considered by Hockett and Holmes in [17]. To do this, instead of working
in their framework, we shall use the coding introduced by Alseda and Manosas in [5] together
with the appropriate extension of the Kneading Theory given in Chapter 1 to this coding. The
advantage of this approach is that it allows us to work with circle maps of degree one of arbitrary
“height” without increasing too much the difficulty of the computations. Therefore, we shall be
able to find a simple entropy formula for a much wider class of maps. This formula depends in
a simple way on the kneading pair of the map under consideration (see again Section 2.2 for a
precise definition of a kneading pair).

Now we are going to define the class M of maps we shall consider. We will say that F' € M
if:

98
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(A) F e A.

(B) There exists a closed interval Ap of length at most 1 such that cp € Int(Ap) and F(Ap) C

Ap + m for some m € Z.

We recall that each map from £ is conjugated by a translation to a map from £ having
the minimum at 0. Therefore, the fact that in (A) we fix that ' has a minimum in 0 is not
restrictive.

The chapter is organized as follows. In Section 4.2 we recall the definition of topological
entropy for continuous maps of a compact space into itself. In Section 4.3 we define the appro-
priate Kneading Theory for the class A in order to compute the topological entropy. Finally,
in Section 4.4 we state the formula to compute the topological entropy for maps in M and in

Section 4.5 we prove it.

4.2 The topological entropy

There are several definitions of topological entropy. We shall use the classical definition, due to
Adler, Konheim and McAndrew [1].

Let X be a compact (usually metric) topological space, and let f : X — X be a continuous
map. A set Y of subsets of X is called a cover if their union is X. For open covers Vi, Va,..., Vn

of X we denote:

\/yi = VN VILV...VY,

= {AiNAnN...NA, A, eV, 1<i<n, AiNAsN...NA, # 0}

Note that Vi) is also an open cover.

For an open cover ) we denote f~"()) = {f"(A) : A € Y} and Y" = V2 ,f~ (). For
each i, f~%()) is an open cover, so Y™ is also an open cover. If we want to indicate that we use
the map f, we write y]? for ™. Next, we denote by N (A) the minimal possible cardinality of a
subcover chosen from ) (i.e. a subset of ) which is also a cover of X). If ) is a cover of X and

Y C X then we denote by Y|y the cover {ANY : A€ Y} of Y.
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The following simple inequalities hold:

NQYVIT)SNYIN(T), (4.2.1)
N(F() SN ). (4.2.2)

We have Yktn = Yk v f —k (V™) and hence the next useful inequality
N < NOEN ™). (4.2.3)

We have to use a simple analytic lemma. A sequence (a;,)52; of non-negative real numbers

is called subadditive if for each n and k we have oy, < ap + ay.

Lemma 4.2.1 If ()52 is a subadditive sequence then the limit

lim &n
n—oo n,
exists and is equal to inf, o, /n.
By (4.2.3) and Lemma 4.2.1, the limit
. 1
h(f,Y) = Jim - log V() (4.2.4)

exists and is equal to the infimum of (1/n)log N (V™). Clearly, h(f,Y) > 0. The number h(f,))
is called the (topological) entropy of f on the cover Y. Now we can take

h(f) =suph(f,Y) (4.2.5)

where the supremum is taken over all open covers ) of X. The number h(f) is called the
topological entropy of f. It is also non-negative.

Let F' € £ and assume that F is a lifting of f. We define the topological entropy of F, h(F),
as the topological entropy of f (see [1] or [35]).

The topological entropy measures the complexity of the map in the sense that it measures
the exponential growth rate of the number of “ce—different” pieces of orbits of length n when

n tends to infinity. For a piecewise monotone map of the interval it measures the exponential
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growth rate of the number of pieces of monotonicity of the iterates of the map (see [36]). Roughly
speaking, it also measures the exponential growth rate of the number of periodic orbits, as we

increase their periods.

4.3 Kneading Theory and Topological entropy for maps in A

Now, we are going to outline the extension of the kneading theory of Milnor and Thurston [20]
to the class A. These techniques have been used already by Alsedd and Manosas in [5] to obtain
lower bounds of the topological entropy depending on the rotation interval for the class of maps
A.

We say that F' € L is piecewise monotone if there are 0 = ¢y < ¢1 < --- < ¢, = 1, such that,
Fl(¢;_, e, 18 strictly monotone for 7 = 1,2,...n. Assume that each interval [c;_1,¢;] is maximal
having the above property and satisfying that (EoF')|,_, ,) is constant. Note that the points of
the set {¢;+k,i =0,1,...n;k € Z} are either local minima, local maxima, points of Z, or points
of F~1(Z). We call those points turning points of F. From now on, the set of turning points
of F' will be denoted by A(F'). We note that if F' is piecewise monotone then F" is piecewise
monotone for all n > 0. Also, any map from A is piecewise monotone.

Let F € A be with height pr (see Section 2.2). Then A(F) = Z U F~Y(Z) U cr + Z.
We note that if z € A(F) then  +Z C A(F). Moreover, A(F) N [0,1] can be written as
{co,c1,¢0,. . eoppr} With 0 = ¢9 < ¢1 < ... < g1 = ¢cp < ... < Cpg1 = 1, Fa1) =
E(F(0))+1=E(F(cr)) —p+1and F(¢;) = F(egpr1—i) = E(F(cp)) —p+ifori=2,3,...,p
(see Figure 4.3.1).

Now we define the notion of address we are going to use. It is essentially the same that
has been introduced in Chapter 2 except for the fact that, in order to compute topological
entropy easily, we code each turnig point in (0,1) with a special symbol. For x € R we set

Ap(z) = (s(z),d(x)), where d(x) = E(F(x)) — E(x) and

L ifx— E(x) <cpandx ¢ A(F),
s(r)=4¢ R ifx— FE(x)>cprand z & A(F),
¢ if D(z) =¢.

Since F,_, ¢, is monotone and (E o F')|, | ., is constant for all i = 1,2,...,2p + 1, each

point from an interval of the form (¢;—1,¢;) +m with m € Z has the same address.
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Figure 4.3.1: The turning points of a map from A.

Next we are going to define the invariant coordinate of a point. Let
A= (s,d)e{L,R,co,c1,¢2,...,Copt1} X Z.

We set
1 ifs=1,

€(A) =4 —1 ifs=R,

0 otherwise,
ko(x) = Ap(x), and |
Fin () = [H E(AF(F"(SE)))] Ap(F"(z))

=0
for each n € IN. Then the formal power series > .2 ki, (x)t"™ will be called the invariant coordinate
of  and will be denoted by kp(z) (or simply x(x) when no confusion will be possible). Note
that k(x) = k(x + m) for all m € Z.
Let V be the set of all pairs of the form (s,d) with d € Z and s € {L, R}. We note that for
F e Aand for x ¢ A(F), Ap(z) € V.
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It is not difficult to show that for each n > 0 there exists §(n) > 0 such that k,(y) takes a

constant value, denoted by x(z™), for all y € (z,2 + §(n)). Then, for z € R we set

K(zT) = kp(zT) = Z ton (7)™
n=0
In a similar way we define x(z7).
We note that if F™(z) ¢ A(F) for all n > 0 (that is, s(F™(z)) € {L, R} for all n > 0) then
k(x1) = k(z~) = k(). As for the invariant coordinate we have that x(z") = k((z +m)*) and
k(z7) = Kk((z + m)~) for all m € Z. The sequences x(07) and x(cz) will play a special role in

our study.

Remark 4.3.1 For each 6 > 0 there exists ¢ > 0 such that for all x € (0,9) there exists
y € (—¢,0) with the property that F(z) = F(y). Therefore, ko(0") = (L, E(F(0))), ro(07) =
(R, E(F(0))+1) and 5,(0%) = —k,(07) for all n > 0. In a similar way we obtain that ro(cf) =
(R,E(F(cr))), ko(cg) = (L, E(F(cr))) and ky(cf) = —kn(cp) for all n > 0. Furthermore,
assume that F € A has kneading pair (I»(01), Ly (cz)) with Iz(01) = dilil dilf cand Ip(cp) =
d;zild;z; ... . We note that then ko(07) = (L,d;,1) and ;(07) = £(s1,4,d1,i+1) for each i > 1.
Also, ko(cp) = (L,d21) and k;(cp) = £(s2,i, d2,i+1) for each i > 1. Therefore, from the kneading

pair of F we get easily the sequences x(07) and x(c}). O

By setting L < R we can define an ordering in V as follows. Let (s, d) and (¢, m) be elements
of V such that (s,d) # (t,m). We say that (s,d) < (t,m) if either

s<t or
s=t=L andd<m,or

s=t=R andd>m.

If none of these holds we say that (s,d) > (t,m). We note that this ordering has the property
that if z,y ¢ A(F) and = < y, then Ap(z) < Ap(y).

For a map F € A, we shall denote by Vr the set of all addresses of all points of R\ A(F).
Note that Vp C V and CardVyr = 2p + 1. We also shall write the elements of Vg as I} < I <
oo < dopiq.

Now, for each i € {1,2,...,2p}, we define the i-th kneading invariant of F to be v(¢;) =

kr(c))—kr(c; ). Note that v(c;) is a power series with coefficients in Z[[VF]]. Thus we can write
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v(e;) = Y0y v) (t)1; with v/ (t) € Z[[¢]] for all 4, 5. The (2p + 1) x (2p) matrix Kp(t) = (v (t))
will be called the kneading matriz of F. Let D%(t) be the determinant which is obtained by
deleting the i-th row of Kp(t).

The expression
Dr(t) = == _piqo
T —dmn Tt
will be called the kneading determinant of F. It is well known [20] (see also [5]) that the above
expression does not depend on i. Thus, the kneading determinant of F' is well defined. From

[20] and [36] (see also [5]) we obtain the following result.

Theorem 4.3.2 Let F € A. If Dp(t) does not vanish in (0,1) then h(F) = 0. Otherwise,
h(F) = log 2 where o is the smallest zero of Dp(t) in (0,1).

Theorem 4.3.2 is the key point to obtain our formula to compute the topological entropy.
This is the goal of the next section. However, we will end this section with a simple result on

the topological entropy for maps in A.
Proposition 4.3.3 Let F € A be such that (Lp(01)) = L:(c}). Then h(F) = 0.

Proof. Since (Ix(0%))" = Ip(cp) we have that pp = 1. So, we can write k(0%) = I + k(t),
k(07) = Iy — k(t), k(c}) = I3 — k(t) and k(cp) = I + k(t) where k(t) = ?zlpj(t)lj with
pi(t) € Z[[t]] for j = 1,2,3. Since F(c1) = 1 we have that x(c]) = Iy + £(07) and x(c]) =
I + k(07). Therefore, v(c1) = (Io+ 11 + k(t)) — (I1 + Is — k(t)) = Iy — I3 + 2k(t). On the other
hand, since c2 = cp, v(c2) = (I3 — k(t)) — (I2 + k(t)) = I3 — Iy — 2k(t). Thus, v(c;) = —v(e2)
and, hence, Dp(t) = 0. Therefore, h(F) = 0 from Theorem 4.3.2. &

4.4 The Topological entropy formula for maps in M

This section will be devoted to establish the formula for the topological entropy we are looking
for. To do this we shall obtain a formula for the kneading determinant of F' and we will use
Theorem 4.3.2.

Since A has length at most 1 and cp € Int(Ap) we have Ap C (cp—1,cp+1). On the other
hand, since F(Ar) C Ap+m we know that F/(Ar) also has length at most 1. Therefore, 0 ¢ Ap.
Otherwise, F'(Ar) D F((0,cr)). In view of (A) and (B) we have that F'(cp) > F(1) = F(0) + 1.
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Hence, F(Ar) would have length larger than 1; a contradiction. Assume now that 1 € Ap. Let
Bp denote the interval [max Ap, min Ar + 1] (note that Bp degenerates to a point if Ap has
length 1) and let G denote the map F' — m. Since G(Ar) C Ar we have that G(max Ap) <
max Ar and G(min Ap) > min Ap. Then, G(min Ap + 1) = G(min Ar) +1 > min Ap + 1
because G € L. Therefore, G has a fixed point in Br. Let us call this fixed point ug. Since
Br C (1,cp + 1), G is strictly increasing in Bp. Thus, G([up — 1,ur|) = [up — 1,up| and,
hence, G|[y, 1,4, is @ bimodal map of the interval. We note that, in this case, I has degenerate
rotation interval equals to {m}. For this case an entropy formula has been obtained by Mumbri

in [37]. Thus, in what follows we shall replace (C) by the following stronger condition:

(C) There exists a closed interval Arp C (0,1) such that cp € Int(Ar) and F(Ap) C Ap +m

for some m € Z.

We note that then, if F' € M, the interval map (F —m)|4, is unimodal.

Prior to state the theorem giving the entropy formula for maps from M, which is the main
result of this chapter, we shall introduce some more notation.

Set Rp(t) = t[k(0")—£(07)]. Since k(07) and x(0~) are formal power series with coefficients
in Z[[VF]] so is Rp(t). Hence, Rp(t) can be written as Z?ﬁfﬂ @i (t)I;, where ¢;(t) € Z][t]] for

allt=1,2,...,2pr + 1. Then we also set

PF 2pp+1
Pp(t)=—14> (pr—i+1g:i(t) — > (i—pr—2)ei(t).
=1 i:pF+3

Remark 4.4.1 The series Pr(t) can be computed directly from x(07) and hence from I-(07)
(see Remark 4.3.1). To see this we note that, in a similar way as we did for Rp(t), we can write
k(01) as 22T 6i(8)I; with ¢;(t) € Z[[t] for all i = 1,2,...,2pr + 1. Then, by Remark 4.3.1,
we have that Rp(t) = tIy — tlypy1 + 2t[k(07) — I1] = —tIh — tlap41 + 2tk(07). Hence, ¢1(t) =
—t 4+ 2th1(t), Papr1(t) = —t + 2tapi1(t) and ¢;(t) = ¢;(t) for i =2,3,...,2p. O

From the definition of M (see (C)) we have that x(c}:) and r(cy) are formal power series with
coefficients in Z[[I+1, Ip+2]]. Therefore, k(cft) — r(cp) can be written as Kp(t)Ip+1 + f(/F(t)Ierg

with Kp(t), Kp(t) € Z[[1]].

Remark 4.4.2 The series Kr(t) can be computed directly from x(cy)and hence from I rlcp)

(see Remark 4.3.1). Indeed, if k(cg) = m1(t)Ip41 + m2(t) Ip1o with mi(t), mo(t) € Z[[t]] then, by
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Remark 4.3.1, we have that r(cj) = (1—m1(t))Ipt1+ (1 —m2(t)) Ip+2. Hence Kp(t) = 1—2m(t).

a

If Kp(t) vanishes in (0,1) we shall denote by ag, the smallest zero of Kp(t) in (0,1).
Otherwise we set ak, = 1. In a similar way we define ap, by using Pr(t) instead of Kp(t).
The following theorem is the main result of this paper and gives the formula we are looking

for.
Theorem 4.4.3 For F € M we have h(F) = log(min{agk,,ap, }) ™ .

We note that, in view of Remarks 4.4.1 and 4.4.2, the numbers o, and ap, can be computed
solely from the knowledge of I(0") and I r(cg). Therefore, Theorem 4.4.3 gives a formula for
the topological entropy of a map from M depending only on the kneading pair of the map under
consideration.

In view of Condition (C), for each F' € M we get that F'|4,, is unimodal. Therefore, ozl_(; <2
(see for instance [36]). Hence, whenever oz;; > 2 we shall have h(F') = log oz;;. Next we shall

obtain sufficient conditions to assure the validity of this formula.

Corollary 4.4.4 If the length of the rotation interval of F' € M is strictly larger that 1/2 then
h(F) = log a;;.

Proof. We note that the rotation interval of each map F € M is of the form [c,dp] with
dr = E(F(cr)). By Theorem B of [3] we get that h(F') > log 34, —. where (4, _. is the largest

root of the equation

z4+1-2 i 2 B/dr=e) — g

n=0
In view of Theorem C.(c) and Lemma 22 of [3] we obtain that 34, _. is larger than or equal to
the largest root of the equation 3 — 22 — 3z + 1 = 0. This root is 2.1700864866 . ... This ends

the proof of the corollary. I

We also note that if for ' € M we have pp > 2 then the rotation interval of F' has length

larger than or equal to 1. Thus, from the above corollary, we obtain

Corollary 4.4.5 Let F € M. If pp > 2 then h(F') = log a;;.
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Figure 4.4.2: A map F), which satisfies (a)—(c).

On the other hand, in the case of the family considered by Hockett and Holmes [17] it turns
out that ax, =1 and, hence, the same formula for the topological entropy holds. To see this let
us define precisely the family of maps they considered. Let [uo, p1] be a closed proper interval
of the real line and let F), = F(u,.) : [po, u1] x R — R be a continuous one-parameter family

satisfying the following conditions for each p € [po, p1]:

1. F, € MNC'R,R).

2. There exists w, € Af, such that w), is an attractive fixed point of (F, —m)|4, and min Ap

is a repulsive fixed point of (F), —m)|a,.

3. There exist a € (0,cr) and b € (cp, 1) such that F,(b) = F,(min Ap) = Fj(a) + 1 and
a+1>F,(0) > b (see Figure 4.4.2).
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We note that for such a family of maps one has w, < b and E(F,(cr)) = E(F,(w,)) for
each p € [uo, 1]. Therefore, Ap, (Fji(cF,)) = Ipt2 for all n > 1 and, hence, r(cp,) = Ip+1 +
S0, (=1) i, 9. Thus, by Remark 4.4.2, Kp,,(t) = —1. Therefore, in view of Theorem 4.4.3,

we get the following

Corollary 4.4.6 Let F), : [po, 1] x R — R be the continuous one-parameter family satisfying
conditions (a)—(c). Then h(F),) = log oz;; for all p € [po, 1]
"

4.5 Proof of Theorem 4.4.3

In view of Theorem 4.3.2 we only have to show that the zeros of Kp(t) - Pr(t) and Dp(t)
in (0,1) coincide. Before starting the proof of Theorem 4.4.3 we shall compute the kneading
invariants of the map under consideration. Since cp41 = cp we have that v(c,11) = v(cr) =
k(ch) — k(cp) = Kp(t) i1 + Ep(t)Ierg. The next lemma takes care of the computation of the

rest of the kneading invariants.
Lemma 4.5.1 For each F € M we have v(¢;) = Ij11 — I; + Rp(t) for i # pp + 1.

Proof. First we compute v(¢;) with i € {1,2,...,p}. Since F is increasing in a neighborhood of
¢i, F(ci) € Z and, k(zt) = k((z +m)*) and k(z7) = k((x + m)~) for all z € R and m € Z
we have that r(c) = Lit1 + e(L;11)tk(07) and k(c; ) = I; + €(I;)tx(07). Since i < p we have
€(li+1) = €(I;) = 1 and, hence, v(¢;) = Ii+1 — I; + t[s(07) — k(07)] = ;11 — I; + Rp(t). When
i € {p+2,...,2p}, since F is decreasing in a neighborhood of ¢;, in a similar way we have
k() = Lip1 + €(Lix1)tr(07) and k(c; ) = I; + €(I;)tk(0T). Now we have e(l;11) = e(I;) = —1
and, hence, v(¢;) = Ii11 — I; — t[(07) — k(01)] = L;11 — I; + Rp(t). 1

Proof of Theorem 4.4.3. We recall that Rp(t) = Z?g{l ¢i(t)I; (in this proof pr will be denoted
by p for simplicity). Then, by Lemma 4.5.1, we have that Kg(t) is (in the following matrices,
again for simplicity, ¢;(¢t) will be denoted by ¢;)
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¢1—1

¢2+1
¢3
P4
®p

Pp+1

Pp+2
¢p+3

$2p

¢2p+1

o1
p2 — 1
¢3+1

¢4

@p
$p+1

Pp+2
¢p+3

¢2p+1

Now, D%+2(t) =

¢1—1
¢2+1
3
o7}
¢p
Pp+1
¢p+3
¢2p

¢2p+1

(12D ko)

é1
¢2 —1
¢3+1

P4

®p
Pp+1
$p+3

¢2p+1

¢1 -1
¢ + 1
#3
¢4
ép
bp+3

P2p
P2p+1

1
2
@3
¢4

¢p—1
Ppr1+1
Pp+2
p+3

¢2p+1

é1
¢2
¢3
P4

¢p —1
¢p+1+1

¢p+3

1
¢ — 1
¢3 +1

¢4

ép
bp+3

b2p
b2p+1

o o o o

0
Kp(t)
Kp(1)

0

o o o o

0
Kr(t)
0

1
@2
#3
¢4

ép —1
bp+3

b2p
P2p+1

é1
$2
¢3
P4

b
¢p+1

¢pt2 —1
Op+3+1

$2p

¢2p+1

o1
@2
¢3
¢4
®p
Pp+1
dp+3 +1

¢2p

¢2p+1

1
@2
#3
¢4
ép
dp+3+1

b2p
P2p+1

é1
$2
¢3
P4
®p
Pp+1

Pp+2

¢p+3 -1

$2p

¢2p+1

o1
@2
¢3
¢4

®p
Pp+1
¢p+3 -1
¢2p

¢2p+1

1
b2
#3
b4

ép

$pi3—1

®2p
P2p+1

é1
$2
¢3
P4
®p
$p+1

Pp+2
¢p+3

¢2p+1

¢2p+1

1
2
¢3
¢4
@p
Pp+1
$p+3

¢2p +1

¢2p+1

1
@2
#3
¢4
ép
¢p+3

dop +1
b2p+1

1
2
@3
¢4
@p
Pp+1

Pp+2

¢p+3

$2p — 1

$2pt+1+1

é1
$2
@3
P4

®p
Pp+1
¢p+3

$2p — 1
¢2p41 +1

1
@2
#3
¢4
ép
bp+3

¢pop — 1
dop+1 +1
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pr—1 1 1 1 11|11 111
d24+1 -2 -1 -1 -1 -1 |-1 -1 -1 -1 -1
b3 1 -1 0 0 0] o0 o0 0 0 O
b4 o 1 -1 0 0] o0 o0 0 0 O
¢p1 O 0O 0 -1 0| o0 o0 0 0 0
Kpt) |  ép 0 0 o0 1 —-1|/0 o0 0 0 O
¢prz O 0O 0O 0o 0| 1 -1 0 0 O
¢pra O 0O O 0 0] o0 1 0 0 O
¢p-1 O O O -~ 0O OO0 O - 1 -1 0
bap o o ©0 -~ 0 oO0|lO0O 0 - 0 1 -1

¢pr17 O O O -~ 0 0|0 0O - 0 0 1 |a

If p = 1 then it follows that
DY (t) = Kp(t)(¢1(t) — 1) = Kp(t) - Pp(t).

Now, suppose that p > 2. Then by adding the first row of the determinant to the second one we
get, DEF2(t) =

pr—1 1 1 1 11 |1 1 111
o+ -1 0 0 0 0|0 o0 0 0 0
b3 1 -1 0 0 0|0 o0 0 0 0
b4 o 1 -1 0 0|0 o0 0 0 0
bp_1 0 0 o0 -1 0|0 o0 0 0 0
Kp(t) bp 0 0 o0 1 —-1]/0 o 0 0 0
bpt3 0 0 o0 0 0|1 -1 0 0 0
bpta 0 0 o0 o oo 1 0 0 0
¢p-1 O O O -~ O O[O O -~ 1 =1 0
o o o o0 -+~ 0 0|0 0O - 0 1 -1

¢apr1 O 0O 0 0o 0|0 o0 0 0 1 |2

Let uj, = Z?E;l ¢; for k=p+3,p+4,...,2p+ 1. Then we have that D%Jrz(t) =
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pr—1 1 1 11|11 11 1
pa+¢r -1 0 0 0 1]0 0 0 0 0
3 1 -1 0 0 ]0 0 0 0 0
b4 0o 1 0 0 ]0 0 0 0 0
bp_1 0 0 -1 0|0 o 0 0 0
Kp(t) bp 0 0 1 —1|0 o0 0 0 0
Upt3 0 o0 0 0|1 0 0 0 0
Upta 0 0 0 0|0 1 0 0 0
uzp o 0 - 0 00 0 -~ 0 1 0
Ugpgr O 0 -~ 0 0|0 0O -~ 0 0 1|a

Now we add the p-th column of the above determinant to the (p — 1)-th one. Then we add the
(p — 1)-th column of the new determinant to the (p — 2)-th one and, by iterating this process

p — 2 times we get D22 (1) =

b1—1 p—1 p—2 2 1 |1 1 11 1
bo+d1  —1 0 o o0l]o0 o0 0 0 0
®3 0 -1 0 0 0 0 0o 0 O
ba 0 0 0 0 0 0 0o 0 O
Pp—1 0 0 -1 0 0 0 0O 0 O
Kr(t) bp 0 0 0 -1]l0 o 0 0 0
Up+3 0 0 0 0 1 0 0o 0 O
Up+4 0 0 0 0 0 1 0o 0 O
u2p 0 0 cee 0 0 o o --- 0 1 O
U2p+1 0 0 0 0 0O O .- 0 0 1 2p—1
Let u=¢; —1— ip:;ig ug. Then DVF? (1) =
u p—1 p—2 2 1 0 0 0o 0 O
b2 + P1 —1 0 0 0 0 0 0o 0 O
®3 0 -1 0 0 0 0 0o 0 O
ba 0 0 0 0 0 0 0o 0 O
Pp—1 0 0 -1 0 0 0 0O 0 O
Kr(t) bp 0 0 0 -1]l0 o 0 0 0
Up+3 0 0 0 0 1 0 0O 0 O
Upt4 0 0 0 0 0 1 0O 0 O
U2p—1 0 0 cee 0 0 o o0 -~ 0 1 O
u2p 0 0 0 0 0 0 0 0 1] 2p-1
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We note that 3370 sup = S o P 6i(t) = L2 1s(i — p — 2)¢4(t). Therefore, Pp(t) =
14+ (p—i+1)i(t) = L2 (i—p—2)i(t) = —1+ 1 () + (p—1)($1(t) + () + s (p—

i+ D)ei(t) — S sup = w+ (p— 1)(@1(t) + da(t) + Xhg(p — i+ 1)¢i(t). Thus DY2(t) =

Pe(t)y 0 0 0o 0]0 o0 0 0 0
$p2+¢1 —1 0 0o 0]0 o0 0 0 0
¢3 0o -1 0o o0]o o 0 0 0
¢ 0 0 0o 0 ]o o0 0 0 0
$p-1 0 0 -1 0|0 0 0 0 0
Ke(t) | ¢p 0 0 0 -1]0 o0 0 0 0
uprs 00 0o 0|1 o0 0 0 0
Upra 00 o o |0 1 0 0 0
-1 O 0O - 0 0|0 0O -~ 0 1 0
uzp 0O 0 - 0 0[]0 0 - 0 0 1]z
Hence, D2 (t) is equal to (—=1)P~ K p(t) - Pr(t).
Since
(=1)P*? +2 (=P po
Dp(t) = —————- DV (t) = DY (¢t
=G V=g P

we have that the zeros of Dp(t) and D’}H(t) in (0,1) coincide. Therefore, the zeros of Dp(t)
and Kp(t) - Pp(t) in (0,1) are the same. This ends the proof of Theorem 4.4.3. I
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