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The crazy maps are a class of continuous maps from 3, X S!, where 3 is the
product space of the bi-infinite sequences on N symbols and S? is the unit circle,
into itself. Moreover, each of these maps has N orientation-preserving circle
homeomorphisms associated with it. In this paper we study the set of periods in the
case N = 2 and where the associated maps are rotations.  © 1998 Academic Press

1. INTRODUCTION

In 1974 Afraimovich and Shilnikov [1] described the semi-hyperbolic
invariant set generated by a bifurcation of several homoclinic surfaces of a
saddle-node cycle. The invariant set in the last bifurcation is homeomor-
phic to the product space 3, X S, where 3, ={0,1,..., N — 1} is the
space of all bi-infinite sequences

a={...a_,...a_j.aqa,...a,...}

of symbols 0,1,..., N — 1 (we note that in this paper we shall use the
same notation as in [2]). The dynamics on the invariant set above after
some rescaling, gives rise to crazy dynamics. It is described as follows.

Let ¢ ={...a_,.a4a,...} €3y. Then o :3, — 2, the shift map, is
given by

o(a) ={...a_jay.a1a,...}.
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Let fo, fi,---, fy_1 - S* = S', N orientation-preserving circle homeomor-
phisms. Then the map ®: 3, X S' - 3, X S* given by

®(a,x) = (o(a), fo,(x))

is called the crazy map associated with f,, fi,..., fy_,. Note that the nth
iterate of this map at the point (g, x) € 3, X S' is given by

®"(a,x) = (0"(a),(fo, ,° " °fuofu)(X)).

The goal of this paper is to characterize the set of periods for a
particular class of crazy maps. More precisely, we consider the case when
N = 2and f, and f, are rotations.

The paper is organized as follows. In the next section we give some basic
definitions and state the main result of this paper which gives the charac-
terization of the set of periods for crazy maps given by two rotations.
Finally, in Section 3 the theorem stated in Section 2 will be proved.

2. DEFINITIONS AND STATEMENT OF
THE MAIN RESULT

In this section we will define the crazy maps associated with two
rotations. Before stating the main result of this paper we will introduce
some preliminary definitions in order to describe the set of periods for the
class of maps under consideration.

For each (a,, a;) € R? the map @, , 3, X R — 3, X R given by
CI)%val(c_z, x) = (o(a), Fao(x)), where

F X+ aq if a, =0,
ol X) = x+ a if a, =1,

will be called the (a,, a,)-crazy map. Note that instead of working with the
circle maps themselves we will rather use their liftings to the universal
covering space R. Moreover, since (a,, @;) € R?, we can consider the
whole plane as the bifurcation space for this class of maps.

Let a ={...a_j.apa,...} and b ={...b_,.byb,...} be two elements
of 3,. We define a metric d given by

y(a;, b;)
ou

dab)= X

= —»
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where

0 if a, = b,,
(a4 b) = if a, # b..

Then %, is a Hausdorff compact space and the map o is a homeomor-
phism (see [2]). We consider 3, X R endowed with the product topology.
Thus, the («, a;)-crazy maps are a class of homeomorphisms from 3, X R
into itself.

Next, we will then define the set of periods of a («,, @;)-crazy map. Let
(ag, @) € R? and n € N. Then n € Per(®, ) if there exists (a, x) €
3, X R such that ®; ,(a x) € {a} X {x + 7} ‘and @) (a,x) & {a} X
{x+2} for j=1,2,...,n — 1. In this case we will say ‘that (g, x) is a
periodic point of ®, of period n.

Let (g, o), (af, ozl) € R?, We will say that the maps ®, , and ®,, .
are topologically conjugate if there exists a homeomorphism 4:3, X R —
3, X R, where h(a,x) = (ha, x), hz(a,x)) such that h,(a,x + 1) =
hy(a,x)+ 1forall xeRand ho® = ;o h. Note that if &,

o, @ a y O ,

and @, _, are topologically conjugate then Per(cpa ) = Per(d,, , ,)

Qgp, @

Let @ 0,1) denote @ N [0, 1].
Let (ao, al) € R%. We will say that (n, p/q) € N X Q ;, with (p, q)
=1, is («,, a,)-admissible if one of the following conditions hold.

(C) n=1, p/q =0 (respectively, p/q = 1) and (a,, @;) € Z X R
(respectively, (ag, a;) € R X 2).

(C2) n > 1, n=qms for some m, s € N, with m # ¢, and where
" /4
— -p)+
mq(aO(q p) + aip)
forj=12,...,m—1and
n
F(@la—p) +ap) el
Let A denote the set of pairs (ay, a;) € R? such that a, < a; and
a, # —ay. Then the main result of this paper is the following.

THEOREM 2.1.  Let (ay, ;) € R Then the following statements hold.

(@ The maps @, , and ®, . are topologically conjugate.

(b) Assume that al1 [l Then the following statements hold.

(b.1) If @, =p/q, with (p,q) =1, then Per(®, ,)=gN and
capa) = 2N+ qZ".

(b.2) If a; & Q then Per(®, )= Jand Per(®

Per(d
) =2N.

—aq, ap
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(©)  Assume that (ay, ) € A If oy = po/q, € Q, with (py, q,) =1
(respectively, ay & Q) and a; € Q (respectively, o, = p,/q, € Q, with
(p1,q) = 1) then Per(CI)ao o) = {qo} (respectively, Per(d, ) ={q,}).
Otherwise, n € Per(®, ) if and only if there exist p/q € Qg q;, with

Qp, Qg

(p,q) =1, such that (n, p/q) is (ag, ay)-admissible.
The rest of this paper is devoted to the proof of Theorem 2.1.

3. PROOF OF THEOREM 2.1

We start this section by proving the first statement of Theorem 2.1.

Proof of Theorem 2.1(a). Toproveit, fora = -+ a_jaya, -+ € 3,, we
take g(a) = -1 —a_)Q —ay)A —a,) . Clearly, g:3, >3, is a
homeomorphism and ocog=geoo. Let h:3, X R —> 3, X R given by
h(a, x) = (g(a), x). Obviously, 4 is also a homeomorphism and

h(®u, o (2. %)) = h(o(a), F,(x))
= (g(a(a)), F,(x))
= (o(g(a)), F,,(%))
=, . (8(a), x)

cDal, ao(h(c_l7 X))
This ends the proof of statement (a). |

Before proving statements (b) and (c) we give some preliminary defini-
tions and results.

It is not difficult to see that if a is periodic of period n then we can
write

a={...(a_,...a_y)(agaya,...a,_;)...}
={...(by...b,_1).(bg...b,_1) ...}
= {(bO e bn—l)'(bO e bn—l)}’
where the bi-infinite sequences which are periodically repeated after some

fixed length are denoted by the finite length sequence with an overbar.
Now, take a ={...a_j.aya,...} € 2,. Then the real number

1 m-1

lim — 3 q;

m—)ocmj 0

will be denoted by u*(a) if it exists.



LEMMA 3.1.

and is rational.
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The following statements hold
(@ Leta € 3, be a periodic sequence of period n. Then u*(a) exists

(b) Letp/q € Qq 1), with (p, q) = 1. Then for each s € N there exists
=r/q.
} € 3, is periodic of period

a € 3, periodic of period sq such that u*(a)
a_,.aya, ...

Proof. Assume that a = {
n. Then, we can write
a={(by...0, 1)-(bo...b, 1)}
Suppose that (1/n)L/- b; = /q € Q1 With (p, ¢) = 1. Then
1 m-1 1 n—1 n—1
lim — Y a,= lim —| Y b+ + ) b
m—x M j=0 ns—>x NS j=0 j=0
o 1ip
= lim —(s—)
ns—o § q
_?
q
This ends the proof of statement (a). To prove (b), assume that p/q
Qp,1p With (p, g) = 1, and s € N. Then set
g-p-1p-1
00 1.1 if g > 2,
if g =2,

€(p/q) =
the empty word

and define the sequence
a= {06(p/q)016(p/q)01 0le(p/q)1.0€(p/q)01le(p/q)01 Olf(p/q)l}
By construction g is periodic of period sq and pf(a) p/q. This follows

statement (b). |1
We observe that the nth iterate of a given (a,, @,)-crazy map at the
(3.1)

point (a, x) € 3, x S! is given by
"(a), x + aghp(a) + ey Ai(a))

Dy of(a,x) = (o
where
n—1
X(a)= X (1—-4a) and N(a) = Z a;.
j=0
Finally, note that Aj(a) (respectively, Aj(a)) gives the number of 0’s
(respectively, 1’s) in the finite set {ag,...,a,_,}.
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LEMMA 3.2. For each n € N the following statements hold.

(@) There exists a € 3, periodic of period n.
(b) Foreachi,j € N such that i + j = n there exists a € 3., periodic
of period n satisfying that \j(a) =i and N{(a) =j.

Proof. Statements (a) and (b) follow respectively if we take, for each
n € N, the sequences

and

where i + j = n, respectively. |

Proof of Theorem 2.1(b). Assume first that «, = p/q € Q, with (p, ¢)
= 1. Assume that n € Per(®, ) and let (g, x) be a periodic point of
®, ., of period n. Then, o"(a) =g and the second component of

o, . (a, x)is equal to
p
(F, o+ oF, oF )(x)=x+n—.
1 0 q

Since n(p/q) € Z and (p, g) = 1 we have that n = mq for some m € N.
Thus, Per(d, ) < gN. Now, let n € gN. Then there exists m € N. Such
that n = mq. Using Lemma 3.1 we construct a a periodic sequence of
period n. From all said above (a, x) is a periodic point of period n. Thus,
Per(®, ) =¢N and the first part of statement (b.1) follows.

Now, assume that n € Per(®_, ) and let (g, x) be a period point of
P _ of period n. From (3.1) we have that

—aq,

-1

p
(F o...oFaloFao)(X) =X+g()\?(6_l) _)\g(g)),
where
n=X(a) + A5(a). (32)
Since (p/q)(Nj(a) — Ag(a)) € Z and (p, g) = 1 we have that

mq = [\ (a) — Ag(a)l (3-3)
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for some m € N. Then

2A8(a) + mg if A{(a) > Aj(a),
n=1{2)(a) +mgq if A{(a) < Aj(a),
2Xi(a) if Al(a) = A5(a),
and Per(®_, ) C2N +gZ".

Let n € 2N +qZ+ Then n = 2k + gm for some k e Nand m € Z~.
Assume first that m # 0. If m = 0 we proceed in a similar way. We choose
i=kand j=n — k. Then by using Lemma 3.2(b) we construct a periodic
sequence g of period n satisfying that Aj(a) =i and Aj(a) = ;. Clearly,
(a,x) is a periodic point of ®_, . of period n satisfying (3.2) and (3.3).
Thus, we have proved that Per(CD,a o) 2 2N + gZ". This ends the proof
of statement (b.1). Statement (b.2) foliows using some similar arguments.

Proof of Theorem 2.1(c). Assume that («,, @;) € A. Let ay = p,/q, €
Q, with (py, qo) =1 and a; ¢ Q. Let n € Per(®, , ) and let (g, x) be a
peI’IOdIC point of &,  of perlod n. Thus, ;Ml(g,x) e{a} X Z and

«la,x) & {a} X 7 for] =1,2,...,n — 1. Assume that « is periodic of
perlod g and uw*(a) = p/q. Then n = mq for some m € N. Moreover, by
using (3.1) we have that

Po . .
—Jj(q—p) +tajp &’
9o
forj=12,....,m—1and
Po
q—m(q —p) tamp=k
0

for some k € Z. Then p = 0 and g = 1, otherwise

(Po/90)mq — (Po/q0)mp — k
o = e Q,
mp
a contradiction. Thus, since a is a fixed point of ¢ and u*(a) =0, we
obtain that a = {0.0}. From above

@;e/_:z

do
forj=12,....,m—1and

ﬁm=k.

90



THE SET OF PERIODS FOR CRAZY MAPS 553

Since (pgy,q,) = 1 we have that n = m = g,. On the other hand, from
a direct computation, it follows that ({0.0}, x) is a periodic point of
period q,.

Now, assume that n € Per(®, ). Let (a,x) € 2, X R be a periodic
point of period n of &, . Then o"(a) = a and

(Fan+1° °Fa1°Fao)(x) =x+k

for some k € Z. If n = 1 then, by using that the only fixed points of o are
{0.0} and {1.1}, we have that

{00},
{L1}.

Thus, if k = «, (respectively, k = @;) we take p/q = 0 (respectively,
p/q = 1) and the theorem follows for n» = 1. Now, assume that n > 1.
Since o "(a) = a, then there exists m € N such that n = mr, o"(a) = a,
and o/(a) #a for j =1,2,...,r — 1. By using that (a, x) is a periodic
point of period n and (3.1) we have that

[
I
| &
ol

a, if
if

|_\
|

ay

I
Il

agMf (a) + ey M (a) & Z
forj=1,2,...,m —1and
aoAg’(a) + a A1 (a) =k € Z.

From Lemma 3.1(a), u"(a) = p/q € Q ;- Without loss of generality we
may assume that (p, ¢) = 1. Then r = sq for some s € N. Thus, Aj(a) = sp
and Ay(a) = s(g — p). Finally, we obtain that n = (ms)q,

n n
agjs(q —p) + eyjsp = agj—(q —p) + yj—p &Z
mq mq
forj=12,...,m—1and
k = ayms(q — p) + a;msp
n ( ) n
=ay—(q —p) +a,—p.
°q 'q
This ends the proof of the “only if” part.
Now, assume that for a given n € N there exist p/q € Q ,; with
(p,q) =1, such that (n, p/q) is («,, a;)-admissible. If (n, p/q) = (1,0)

(respectively, (n, p/q) = (1,1)) and (ay, @;) € Z X R (respectively,
(ag, a;) € Z X R) we take (g, x) = ({0.0}, x) (respectively, (a, x) =
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({1.1},x)) for some x € R. It is easy to see that in both cases the
constructed point is a fixed point of &, ,.Let n>1and n = msq for
some m,s € N, m # q. From Lemma 3. 1(b) we can construct a € 3,
periodic of period sq such that w*(a) = p/q. Using some similar argu-
ments as used in the “only if"” proof it is not difficult to show that (a, x) is
a periodic point of period n of &, , forall x € R. This ends the proof of
the second statement of Theorem 2. 1(c) |
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