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.____"Tn__;1'. In this __aper we intcoduce tlle k_leaclill6 theory devel-
o________ t}_' ._lsecl�  a_ld hIa�osas  iIl l3I to Jescrit_e _irurcatiu_as ror a
ge__eric fa___iI_' uf _inlodaI degrRe ane cil'cle Illa_s __a{I preser__ing
ur ie_ _ t al io I_ c i rcle_ hun _eolllo_' pta is___s.

l. INTRoDucT_oN

Tl_c_ In�__  J,,(._;) �  _ + _7 c_n he seea_ as lllc sll_cr__usitian l}r two

_JI_y___ (_r ______ c_F tll(! c)_('ill_tor_ yrter tl_c _Jt.I__'l- I__s _lo_le t_ll_ as{'ill_tin_l.
Tt_(_ t.c_l'I_l '_L_ _ EU, l) 1-('_Jrcsellts tll_ r_tio uF t,tlc t-rec_l_e1__il!_' l}f the t__'o
u_'c: i I lyt ()_'_,.
)_'tl_ __ Iu is _n irrational numIJer the _notioTl (_F tt_e sy_ st,e_Tls is callcd
___u.__ipc_r_i_rlic _llLl iF u1 is a ratiol__t n__lnl)cr ttlcn tllc n_utio_l is callcd
JI_riorlic.
TIle I_lorc _rl_cr_l __l__

(l) _b,w(_) = _ + 'w + - _'i_l(2__)

___l_cre ._ _ _ an_ (_, __) _ _+ x_ ___as intrucl_lc'e_cl t_y _rnol'd l4J to st_lcly
ttlc_ betlaviou_- c}f tIle 1__otiun c_F tt_c systeln __'tlcn a I_oTl-linear term is
a(l_lerl. TIlc_ r(_.__lltant _an_ily of m_ps h_s ).)ce_l us__d to stll_y somc
__al+iet)_ oF fc_r_'ecl systt!nls wI_ere tllerc are two _+aln_eting _rccuen_;ies,
rur c_aln__lc, tIlc casc uF a sin_lsoicIally driven _enclul___n.
Dc__ellcli_lg _}ll th__ r__nge oIl b, the famity of l__a_s have _i�ercnt  be-
Ilavio__rs' _vllicIl I_as b(_RIl consider in tIle Iitcraturc (see l_J, El 1l, _6I, ll5I
_JIlcl _9I).

l99l _(alhemntics S_bjRct Classi_cation. 58F03.
Key uJords ond _h7'asRs. Dirilrcatiuns_ circIe nla_s_ rotation i __terval anJ symbolic
cl.t' I__lnics.
Tl_e a__Lt_ors has _eell partially supporLed u1_der DGYCIT Brants' num_ers PB93"
08GO and PD_5 -lUO_.



____ __ _ t _

_s_'1____l_ tl__t I___ _ _. _1'I_i'Il _ > l _1'i' Il_' _'i_ l_illlc_{l__l cli__l'{_i_ o__c_ c'ir_'li_
____l_Js ;lrlil i_l t_lc! r'_s{' _ _ l(). II, tI_,_L, i_' _ c_l'ii'_lt�ltic>l_  _)l'c_'cl-_'i_l6 _'il'-
c'lr __c}l_li'__I__rJ_}tli._Ill. _\'_' i'_Il ll;__'c _l__l liT__'al- tc'_'l__,s l}r cliHi_rc__t killcl__,
riJr {'___lll__lc', _Jirci___'is_ - lil_l';lc nl;l__s F_'{__ll 1_'l_irI_ _l-isr FyIllilii's, nF n____s
_i__lil_l' trJ (l).
I'lli_ �li__l  of tlli_ _}__Ji'r i__ t__'nri}l_l. Fi_'__'t __'r __'ill rlc___li_ ;l _r__c__'il' c'l___ s
{JF r_aIllilirs ur nl__Js lihl' (l) _llcl t Il_ll cli'si'l'iIJl' ttl_' I___sir' _st,r__c+t___'__ c_r
t}ifllr'i'_t,iurl_s. IIl tllis c'____ si_llil�lr  1_llcr_cJllli!_l_ __J_Jc_r: t\_-_lol'cl tc_l__ll__s,
llul'_l_, __Il;_,_i_ luc'hirl__ ctc'.
Tt_i_ _J__c_r i_ ol'6_I_i_i!cl _s ri_llu__'_'. IIl t__i_ ____xt src'tic}_l ___c_ _Il_ll _i_'c_
_s___ll__ __rcli_rliIl_ry ___ri _liti_Jns ;_n __x_l_l_Jli'_. I_l Scc_tiu__ 3 ___e st;_tc, t,llr
rc__llIt_ c_F tIlis __a_Ir_' �lr__  tirl�_llv_',  ill Sl_c'tiull _, __'e __ri}ut' tllr _-c!_. lIlf_s st_tc(l
' iTl tllc t_l'c__iu_ls u_lc.

2. __ELIm_Nn_y DEF_N_T1_Ns nm E_nm_LEs

_('c_ 11'ill st_rt ttli_' si_cticJll In_' clctillill6 __'tl;_t __'r _ll_clerst_Tlrl ___' tllc
_'la,_',_ __f l>ir_l_cl_l _li__re{' _}_ll_ c'il-_'lc Il_al_s _Tlcl i__'icllt_t,ic__l _J_-c_crvi__e c'ir-
c'Ic_ llo_ll__ol_l_J_-_)llis_l_s. .___ it i.s __sll_l, i_l.st{'_cl iJt' _____rki1l€ __'itIl tllr cir_le
______._' t,l_r_l___'__l_'i_s __'i' __'iII l'_tl__'r' ll_'l' tIli'il' lirti____' t,_ tl_i_ _llli_'i'r___I i;l}_'rl'-
i _l6 s_J_c'r _. t I_ tt_is' s__}irit, 1_'i_ _Ic__lc_ _ tc) )Jc t,tlr _;l_ss c__ _ll cn_ltill_l__ls
r_ly_)s F rrc}__l _ i_ltu its'c!lF _sla_'t_ tll_t F(:_' + l) = F(r) + l rc}r all
.T _ _. TIlat is, _ i_ tta{' c'I;l__ {}r ;_Il lirtilleTs u_ _lc_gT'ri_ i>n_ circ;Ic _l___J.s.
(_'i_ _vill _l{_Ili_ti_ _,' A tllc_ _'l___'__ i}f nl____s F _ _ sllc'tl tllat t,tlcl-c _'xist,s
r',. _ (_, l) __'iltl tI_c' t__'____c'_'t__' tll__t F i_' _tl-i_'tl__' illc;l-_'�l_'i_l6T  iTl lU, r;,.I ;lIlcl
st_'ii'tl__' cli!_'_'r___'i_lK_ iTl lr'F_ l_. __'c_ __'ill _s_l___c}_s{_ tla_lt _ i_ rI_clr___'c__l 11'itll
t l_ _ s _ l __l'{'l___ _ __l t,o _ _c _ l c )e_v '.
_\'__ _l__t__ t Ilat __'i_l-_' r_l___ F _ A ll__ _ l_rlic__lr li_c;__l nl__ir_ll__l_ __lil
_ lll_i__llr li_c=__ l Illi_li_l__ll_l i_l E(), 1). Tu cl_'__li' tIle cl�___s  A __'r rc_stri_'t,c__l
c)_ll'.scl_'{__s t(J tt_r {'�_st_  i _l __'tli_'ll F tla,s tlll_ l_lil_iI_lll_Tl yt _. Sillc;t! ca('Il
r___t_ fl'cJIll _ is c=nIl.jl____tr lJ._' a tr_clsl_tinll to _ _lla_ rr'{_rn _ tla_'ing tIlc
__li__i_ll___ll at _, tll__ f_c't t,ll_t, __'_, _x ttl�_t  tllc _ll;__Js rrcJ__a A Il__'i_ ttlr
l_li_lilllllI_l at U is rl(_t _-c_t,r'ic;ti_'r. Ttl_l_,_, c;l;lss A lll()(lrls ttlc l)ilnu(laI
ilr_Tl-l_c' rJ_lr c'i_-c;li_ r_l___s+
(_'c_ __'iIl clr_lutc tIl__ _'l;l_s c}f _' ll _}riellt,_tiorl _)_'c'scr_'in6 L'il-L'lc llc___lru-
l_l_)r__tlis, _l___ t Jy N. hIc}rc' _}rrc-is'cl___ F _ X ir _ll_l n_ll?' if F _ _ _l_rI it
is' st_-ic'tl_?' inc;rr;_.si___. Ncxt, __'e __'ill cl{___lc tllc _'l__s c_f r_alliIies uF m_l}s
(_l l ( lrl- rc)_lsi(l_ryt ic_Il.
\\'c __'iIl s___' ttl�lt  a _ar___Elctri_ccl f_lllil,_' i_F I_l_EJs (Fbw}(bw)__+x_ is
_l_ _rnul '_ Jarn2'_y rJ_ _c_J7_er_ one c2'rc_e mups ir ror (b, __J) e _ + x _ tIle
l_____ Fb w: _ t _ is gi_'en l__' F6,w (_) �  Gb(_;) + ur, __'ller_, Gb _ _ ror
_ll b e _+, a __cl tlle Follu___i_l_ ccJl_clitio_ls llulcl .



_ __2 G () _ J ++ ___ sln 2 ( + %/) oJ_(/ble_>f el__ _ _ ( (b _ _)) )_

._ l TIle E__a b 4 G fr(__,l _+ to _ js co__ti
(._2) For b _ (1,_) tI_c _nap G_ _ A anc{ tlle n__p b 4 _,,.b rron_
( l, _) to _ is co_lti___lous a__cl tt_e Fulto_vi_le co__rlitior_s hold.
(i) li___b,_ _,_ = 1,
(ii) lilllb__ _,b = c _ (O, 1),
. (iii) li_llb__Gb(r',,) �  _ ___cl
, (i_') lilllb_% Gb(O) = -_.
(._3) F__r b _ l_, l1 tI_e _naE_ Gb _ M __l_ Go(_) = J- Fur alI _ _ _.
(_''c _lute t_a_t ___' c1eti__it.iu_l (_f Fb,w, _n_ Gb __'e I_a__e tt_at for all b > 1
aI__l w _ _, Fb,w _ A a___ _'F, w = ccb. Tt__ls, i_l tI_e sec_uc_l _'c wilI _enote
r:c,.b t_v__ cb.
N(____, _1'e _i_'c t_vu c!x;_I_l__lcs of _r__ul'cl Fa___ilies or clegree o__e cir-
_l__ a_a____'. Tl_c_ first uEle _'__1ltai__s olll_' _icce_vise _nlonutn__e co__til_uous
1 I_ �l  l__.
ExampIe 2.l. _et C_ _ _ be such tl_at Jor' b > l tt_e rnap is u
__r',_;'w'i_"e- 'Jrlu__oto_le r__n_ Gb _ A witt_ cb �  l - _'
Gb(r:b) = _!___{ (b - I) } o7_d Gb(O) �  l - ex_( (_ - 1) } Jur nll b > l a__d
/o7' b _ E__ I_, Cb(_;) = :l;. It js rlut di___lt to _roTJe lhat Gb satisJies
(_lJ (,'l__J r_7lll 'i'rl r;u'll._'r_'ur:7lr:e {__,_,,}(b,w)__+x_, i._' u7_ A7''rlol'd Jurrlil_
lJJ rlr;.y1'cJe url_ r=irr_le _nu_._,
In tIlc_ I_cxt c_a__l_}I__ __'c_ co__struc;t _Il Arnol 'cl _an_ily or ___aps for wt_ich
t,I_c__'__ __xist__ _'____t,i_l_____ls F_n_iI__ (J_b)be_+ cunt_ilac__ i__ N satisfyi _lg that
Fb,_,, o /l_ �  /lb o Hb,u, rr_I+ �_II  'l_r _ _. In roIl,_'_'_1le__c__ tI__ hirul'c_tion
rli_el-_____ uf tl____e t_vu F;___lilics _re tIle s_n_c.
ExampIe 2.2. Le,t {H_,w)(b,w)e_+,_, be ttle standurdnlups/_milygi_en
_y (JJ. As's_rrle thul b > l a7_d let C(b) be ttle relntive 7n__im_m oJ
Hb,,, i7l (l/_, l/2) urlcl let _!_I(b) be the relutive mini7Il_rrl oJ Hb,w in
( l /2_ 3/8) tl_nt _ue can ob t0in Jronl cos 2n_ �  - 1 /b Jor euctl b > 1 (see
Fig_r'e lJ. Jl is' r_ot di_cult to see ttlat
li _n _r(_) = limC(b) = l/2,
b_l b_l

li_n C(_) = 1/4 and lin_ Jll(_) �  3/8.
b_% b_
_Ve n_ay r__ss_rne tllat ,_l(b) = C(b) �  1/2 /or ull b _ _O, 1J. NoTu, _e
deJi1_ c,
b sin 2_(_ + Jl_(b)) _
b_= _ n_ __ _2 _
__ l W_Se-
Clea7'ly, C6 _ _ /or all _ _ _+. For b > 1 the map Gb _ A wit_
r;,b �  C(b) + I - _l(b). Olhenuise, Gb _ M. Moreo_er, it is not di_c_lt
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FaGu_E 1. T__c n__1__s siI_2__' an_l c;u__2_:c.
tr_ s'_e thr_t Gb sali._'Jic__' (A JJ - (A .YJ. L__:t Ilb(.T) = J; + _!_I(b), tt___7l /__ _ M
,.,. ,_ll _ _ _+ a1l,l
/lb(F_,w(_:)) = tlb((Cb + l_J)(J'))
�  (Cb + ll_) (_) + _'_l(_)
�  (Hb,_ + _lJ)(Ilb(_'))
�  _ Jb,w (tlb (_))
JrJr rlll l' _ _ a1lrl /r7r r_ll IJ _ _'. T/_us', _JJe Jln1Jr__ JJT'o1JRrl t/_nt Jur'
{Yb,,,)(b.u,)e_+__, tt_e7'e e_i,_l._ (Fb,,)(b._,,)e_+x_, rlrl ,_T'Tlol�lJ(_7llily  uJ_e-
Jr 7-r__ u_le _ir_le rrlaps' a7lr1 { /lb )b__ _ _ M s'1l_/l thr_t llbo Fe,u, �  t_b,,,o I_b /or
rlll 'Il_ _ _ (i.e. l/le 7Jlup.s Fb,_,,, n1__ Hb,w r_7'e tu__lrJJi_rJlly r;rJ7ljugat_rlJ.
J. A Dnslc DEsc___T_cJN cJF THE D___u_cAT_uN sTnucTu_E IN
_+ x _. sTATE_1ENT uF _EsuLTs
TI_e _iI__ uf t__, scrtio1_ is t,_J g-i__c a t___o ____'titio__, _u____JuserI l_v?' c'losccl
s(_,t_-_ u_ t.I__ _)iFurcatiu__ _l_ne _t x _ _sso_jate_ to IJott_ e_trc_n__._ uf
tt___ _-ot.atiun i__ter_'al. Nc,_t_ __'_ _es(=_-jIJe tt_c l_c)__n__ri(_s _F s___h set_
a___l tI_cir rel_tionsl_i__. T__is sectiu__ is orga__i_ecl as _ollo__'s. First_ __'e
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_t_ _ _ ___ _ _________ c _ ___ ______ _ Rp(F_) ___( nlt__l __ _nrtt_ __7/l __ _t _ l _ _ _ _ _

il_trod_lc'e s_on_e _relin_inarv_ cle_nitinns a1_cl r_s__lts. I__ 3.2 __'e rle_'cri_e
thr partitiuns o_ tI_e biFurc_tion _l_a_e. FiIlall__, in 3.3 we i__trod__re
tlli' h__eadil_g theory to _esc;ribe _if__rcatin_s al_d ___e _t_te tIle related
rc_'_llts.

3.I. Preliminary de_nitions and results. I__ tl_is sectio__ _vc _viIl
il_trocl__c'e t t_c_ bas_ ic de_l_itions to __l_cler__ t_lld ttle c{ynan_ics aF the degree
ul_i' _irc'l__ _____}s.
Fil'_t, __'e l-ec_ll t_lat for F _ _ lhe rotation i7_terv_l tl__ is cle_l_ed to
lIc ttle s{_t { p

F ( _): _ _ _ },
1_'Ilcrc
. F^(_) - _
P_'(_) �  P(_) = ll_n s_lP __ -

It i_ _'rll h__u_v__ (see _lJJ) tl_at t_c set nt_ is a clus__l interv_l, _er_aps
dr6c_ncl'_te tc} _ sil_gIe t_niIlt. _lso, ir F _ _ is a non -_ecre_ing n_aP
tllrl_
FM(_') - ._-
_' = n!_lm_ _,_ } -

Tl__ls, tc_ e_'erv_ __on-_lecre_i__g Ina__ F _ _ we can assuciate a reaI
11_____l_c'r
.,_, F^(_) - _

_vl_icI_ i_' caIlcct the rotulion n_m6er oJ F. Ro__gtlly st}eahiIlg, p(F) is
tl_e averagc a__g__lar s_ee_ c}F any pui__t _noving aru__n_ tl_e circle u I_rler
_ __ _ _ _t___'mtin__ __? t}J_ ______ _W_ _ __)nt_ t_)_t _(F) jq _ t.n___lngir_l i_)v_ri__)t nf _
F. Tl_at is, iF F anil G _r__ tot}ologicalty canJ_Igatccl (i.e. t}_e_-e e_ists
t_ _ M s__c'l_ t__at F o t_ = I_ o G) then p(F) �  p(C).
T_c rot_tirI__ interv_l is closely rclated witI_ ttle existcIlce oF periodic
ort_its ror cte_rec_ o__e circ;lc ma_s. To see tt_is we _'ill i__trocluce tI_e
Fi_llo_ving _c'___itinns a___ nutation.
Let F _ _ al__l let _' _ _. The__ ttle set (y _ _: _ �  F^(_) (___od l)
rnr n = U, I,...) _vi l l l_e cal le_ tt_e (n_od. JJ orbit or _ l Jy F. _Ve stress
l I_e __ct tll_t if P is a (mo_. l) orbit _n_ _ _ Pt then _ + h _ P _or all
_ __.
It i__ __ut _imcult to E_ro_'e t I__t earll point from an orbit (_nnd. l) P
Ilas tl_c sa_nc rutatio__ nu___l_er. Thus, we can speah about tI_e rotation
n_7nber oF P.



__ __lu__/_2 _9 _ ( p___ )( ) _(_(F )u_ )_ /y _(p _(__) J _p (_lJ)___J_

''

If .-_ C _ _llcl _; _ _, __'t! _t_�_Il  1__rit.r ._' + __ c)a- ._ + :_; t(} (l(_ _ _ ( _ t (_. t _ _ (_. _ t' t ,
(:l' + rl ; rl _ .'_ t. _l_().. iF D C _ __'l_ _'I_�llI  __'I-it,{_ ._ + _ tu cl(_Il()t,t_ t,_l_ _ _' t
(u+IJ:r_, e ,__ __D).
Ir .l; i_s _ tJl_I-ic}(li(; (allc}(l. I) t_oiIlt _F F r)f _J(_ri uc l r J _ _, i t _ _ _' ( _ t ,_ _ t , _ u _ _
IlllIllt)t_r _ ttlc_,I_ jt..s _Il()(l. l ()r)_jt i_ (_,__llt_cl ,__ c1_io_ic f,lorl l , r. _, _ _
,,.,'_ __ _,/ , ,- _ g i F' ,, ( _ _ j - _. , ,_
' rJ UJ1 l 70 n _rJ?l ___7ll _7 _ - l'_ _ _ll_( ' oC 'lt () __'
clc'Il(_t.r I___' _, t Il(! _(_t, _ n _i, i + I) Fc_r _I1 i e _. ()tJ__icJ(___l__ _ ,_ _ i + _ o
__'_ _l()tc tIl_lt, if _ i_ _ _)cI'juclic (__)c)(l. I) uI-_it ()f F ___itIl _)t'.ri(J(l ( J, t l _ __. _ _
C__I+(l(_,) = rJ ri_I+ _ll i _ Z.
Fc_r _ IIl__J F e _ __e cl___I__ I_l_ _Is F i ___rl F_, l _ y

(2) F,(_) = ,___rJ(F(y): _J <_ :_}

an(l

(3) Fi(._) = iI_r {F ( y): y > _;)

(_l'.c Il_I, _2J _Ilcl I8_). TIlc lIl__ _},_' Fy, Fj l_cluIl g t() _ __ _ cl _ r e _ _ ( _ _ _
clc_c'I-e__iIlg _ll_l n_ �  _ _ (F j), /J (F y) _.

3+2. A bifurcation diagram for an Arnol'd Famil y o_de gre e o n e
circle mapsN Ll't. (Fb_w.)(b._,,)e_+,__ I_c �_Il  ,_I'Il(Jl'cI f�___lil__'  c_F (lc_6rt!c_ (J_l
c;il'c_l_ _ll__)._'. _'ur ___r'tl _ _ _+ _1'c_ cll__Ilc pb, /Jb+: _ _ _ I)__

_b(_(7) �  p((Fb,w)i)

_1 l(l +
b 1U -- p ,,_u

rc'__JectivcIvv. TIl_ls, _F,,w �  tpb(1_J),pb+(_/)_

Remarh 3_l _ Dy us'i7lg tt_e JeJir_itio'__s o / F i r_rlrl F_ J giverl i n ( 2 J a _ _ d
(_1J nr__ t/lR ___rlitiu7l OJ Fb,w it Jollo__._ l/_at (Fb,w)i(_;) = __1 + (Gb )_ (_)
ar_cl (Fb._L,)4 (.l,') = __J' t (Gb)y (_;). Jl1orcover', it is' 7lot _�  _cult tu .s_ee lt _ n t
JiJ1' _ _ (l,_)_ (Fe,w)((U) = Fb,u,(()) urlcl (F__w)4(cb) = Fb ,_, (r,) _or uIl
1_J _ _.

Ttlr llc_t,. rl'_llIt follu_v,_ Fro_n ßcIl)__-k 3. 1, tI_e c1(!__litio_l oF Fb _, __)(l
_2_ Le!_IlI_l_J ._.T. l_J.

Proposition 3.l. TI_e rrlr_ps _b arlcl pb+ _r'e contin7J_u.s, onto, pb is
'rlcr_(Jsi_ t _ s _ o _ _ cl _ c r e n s 2' r _ 4 _ _ s ( _ t _' s t ll n t _ u < t
' ,b ' _ , - _
Jo7' all (b_ _IJ) _ _+ x _. Mor_ozJer, t_R, rna ps _ _ p; _ n ll b 4 p ,+ a r e
conti7_uo__s.
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_____ ___ _t ()l) n () ((0r)() )__/(d4(((((b))g<__),)__4_D((_(b_))t <__<__ __4_d_p(p(_b)()_(2u))__,_arnl)))_ __r

_ t}a,_ir; ___t.l'll(;tllrc uF tIle l_iFurcatic)_l plaI_e ri)r y ei_'en ,_r__ol'cl F__llil
of cIegrcc c)__e ril'c'll! _lly_ls {Fb ,,, } (b ,w J __+ x _. call hc 6ivL_n _lt_ill 6- tI _ e _ p p e r
(re._'_ecli11eIJ. Io'lue7'J r_-_Ar7_ol'd to7_J1_e cle__lecl hv_
__, _ b __, __+ x_. _
- - , -bfU-
, ( rc!s1,e_'t i _'' (' l ._',
_+ n _ b1_ __+ x_. +
_ ' - , -b -
I_l ()rcl(_l' tc) (l('_c'rilJe rur _acll r_ _ _ tl___ t)_ul__arie,_ of ,__ (a) ___cl
_t ,, __.c. (lt,,__,c, ttle r(,llo__,ill Fu(lr ___a ,s_.
Lt,_t (, _ _. F()l_ ea(_I_ b _ _t __e tyhe
_ù (b) = sl_lJ( _11 _ _: p_(__r) = a}
_u (b) = ia_f{'_IJ _ _: pb ('Ic_) = a}
_n+(b) = i_aF{_u _ _ _ pb (__J) _ a)
'll_(l
_d(b) = __l_)(__._ _ _ ; p,+(_u) _ n).
Fl'oI_l __'ul_(__'iti_)rl 3.l _1'c ll__'e tIlat tll_ al)o__e 1n__ _s, cl____l___ fronl _+
i__t.(_ _, ___'_' 1_'{_lI cfc_fiIl_!cI. Nut.c_ t1l_t _iI__'c Fu,a (J;) = _' + n, ttlc!n
_u(c_) = _;(u) = _,;(__) _ _;_(u) =
r()_' _ll u e _. TI_e 1lc_xt lcI_l_c_a rolIu_vs straitIlror_v_rd Fro_n the de___j
tic_I__ (s____ Fi_lll'e_ 2).
Lemma 3.2. Tt__ /rJllr_1I1i7_._ ._'tr_tRrc_er_t._' t__lrl.
(_) Fu7' ull u e _ u7__ b _ _+
+ b <_+
u7_ rl
t

(l}) FrJr ull r_ _ _ u7_d b _ (O, lJ, __ (b) = _,+ (b) _nd _; (b) = _ ,+ (_ ).
(c) Let r_, r_' _ _ _Jith rl < a'. Tt_en
' _-_<9tb ofullb ol u,_d
( ii ) _; (b) < _;, (b) und _4+ (b) < _4t (b) Jor 0ll b _ (_, _).
ClearI__', �lll  of tl_csc _Il_ps c_escrihe, fur eac;tl a _ _, the bo_lndaries
c_f ,__ (rl) __l_l __'(n). Note ttlat we use tIle RI_rl __oi Ilts uf the rot_tion
illt.(_l-_,al ill ttl__ clc_Ilitiu_l uf the _o__Ilc{_r y _1l_ __s. T_l(ls t _vl _ e n o _ _ e o r
I_(_tIl nf ttlc c1_(l_}_i_lts of tlle rotation i_ltcrval is a rational __umber it
i_ __os_iI,lc! to e,_tatJlisll a _c__Iivalc_lt d4__lition uf tIle _olln_ar y m_ _}s
iI_ t.I_c r_tiuI__l c_e (scc _15J). To sc_e tt_is wc, wilI __se t}_e _olIowin g
cle_llitioIl.
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____ ___TJ(r(h_(r_r _e)_bol_(llLF_r___l)e(y_lJ_rlm__)t_u__lAlubta__ Fll__ll(_t(bt___t+___t__________t___tt_______t____t__t__t___t_t__tl_____t_r__bl_(rwltltbl_()t____Ll/l__)/l_l0(c+ll__(Jle_JJ)Jt)h__(__l_bt)l_l+t>__)t_lll_______(0+llut((_J___Js)_t_ç____l(___n+tn__r_lv_toor__vu+l_vyn___a___n__(_r(+(mlvJ_F_+Jbyy_+t___a)7q_l__ JvJ)n(+_r_)n_<_J__ _

__1 ;' _ _,,

FlGuRE 2. T__c __ic't1arc' ut_t�lill__ll  11_'i___ Lel______ 3._.
Lct rJ = JJ/rJ _ _ __'itI_ (JJ. rJ) �  1 _' l_ll lrt i _ (l_ I_). __'r s_v_ CI__t Fb,w
s_ti__tie__ tt_c (_-_J__r'r JJ7'rJ1Jr7'ty (rrs,__c'c;ti___'l_v'_ tI_r n lrJ_I1R7' JJ7'o_c_7't_J) if
.J;) ri_r _ll .c _ _.
T-__l_ t'i_Ili___'ill_ tI_c_c_l-(____ _-c's_ll____s_' l_liJ_t Jt' c'l___i_'_l rc!__'_llt_' t'___- t,l_c_ l_i__lIlcl-

co7lti7l1JrJus s_ti.sJyzrJ_/ th_lt
lil_l c_;, (b) = bIi_n _d (_) _ _
uJl_l

Jl__rerJ_Je7', iJ u = JJ/y _ __ __72tll (JJ,_) = I_ tt_erl ltle Jr_lluwin_ _'tutr-
7rle1lts _(J l ll.
_a(_) = s__p{uJ _ _: (Fb,_,)_ _s_tis_cs t}le rl_-_l___rr c_n_itio_l ),
_a+(b) = i__F(__J _ _: (_6,w)4 s_tis_cs ttlc! rJ--lo_vl_r ro__clition)t
_o (b) = i_l_{ur _ _: (Fb,w)_ satis_es tl_e a- Iu_vc_r _lJIl_itioIl}



___ _F_ullu_v(s_ F_oerr__2o_d_y_u_s___(_e_t)ro_____tl____t___os_rL(l Ffl___(_l___)bD)era(_nnu)dt2_du__l(do__2,_rclclgtn(t)FD_n___Fl _(q__w)()__ )T__ht___n/_lonfF (a_l)l

arld
_a+(_) = sul}(w _ _: (Fb'w)u satis_es tt_e a -u___er conclition}.
(I_) A_'s'_nle tt_at the Jollowing conditin1_s I_olrl.
i) _or all _ _ _+ the n_ap Gb(_) = _;+b__(_;) wt_ere 7 _ c_(_ _)
with r> l
(ii) T/_ere i.s a _r_irJue dege7_e7'ate orbit Jur (F_,,,)_ (respectively,
(__,w)_), that is, t/_ere is u _7lig_e (7__od I) __riudic orbit P oJ

J__.
(iii) J/ P i.s the (mo_ IJ pe_odic or_it oJ penod g and rotation
nu7_lber a /or (Fb,w)u (7'especti_ely, (Fb,,,)_)+ The7l D,,F_'.w(_) f
O/or all _ e P.
T/Le7l ttle fnaps _à, _a, _,+ and _a+ are _7l_'/__Iy _ ipschi_z.

3.3. Introducin_ basic kneading theory to describe the bifur-
cation diagram.

J.3.1. _ br_s'ic s'urvey on _7leading ttleo7'y. N_xt, __'e ___ill __s_ _-neading
tJLe_or1J (c_ clc_'_'ril_c tI_c t}cI__l_rl_rics oF _1_ (n) allcl ,_+(a) fur all n _ _.
1__ __'c__ t.I_i_' 11'__ iI_trurlu_-{_ sul_l_! llut_tiu__ yt_u__t tlll_ _-7__;u_'i__.rJ l/_eury clc-
___lo__c'_l I__v' _l.__!cI�  ___cl h'Ia�o_'_  in l3J. First __'c r_!c_ll tIl_ _lotion n_
itincl-_r)'' uF _ __ai_lt. I__ wllat follo___s _ve sIl_ll denotn tlle integer part
' Cu__c=tic_Il t_)' _(_). Fur _ _ _ __e sct D(._) = _ - E(:_;).
FarF _A ancl _ __ let
'_ tl iF D(_) _ (c,, l),
C iF D(_') �  c,__

__r if D(_) �  _,

an_l d(_) = E(F(._)) - E(_).
Tl_en ttlc_ rerl_ced iti_lera_ o/ _, dnnotecl lJy _l,(_'), is, d__ned as

is cle___c_ tJy

_, _í'd2'... if s; _ (L, n) for all i > l,
rlí'_2'... dnn if sn _ {Jlr, C) a_lcl s_ _ {L, _} _or all i _ { l,..., n - t).

N__te tt_at si_lce F _ _ w_ have that _J,(_) �  _JF(_ + h) for all _ _ _.
Next, _vc _e__le tlle hnca_i Ilg _air, (see _3J), it charactcrizes the set
uf rccl_lc:ed itineraries (and Ilence the clynarnics) of a _nap F _ A. TIlus
tt_e st__cly of tt_e space oF aIl hneading pairs, for maps From A, __rovicIes
a __,ay to descril_e bif_lr_ations ror parametri2ed _amilies o_ maps from



____ ___n__ _ n_n (_vnt)_(_>(Jn7J_((_l_(nl())ln(l(__t)nl(() t6)t)l))tl((__t_))nLJ_(Fn((l_(_r_))(D_(__l/((F_()())_)_f)_)h()(l(_((l)())____t()F)t ( (__l/t )(t)_ t_h_lt(__lctor)lll()___t_)__lt _

A. E''il__t, __'l_ irlt,l'cJilllc'(' tt_t' r_)lI()__'ill_ _l(}t,__tit)_l. _()r ;_ __()i_lt. .J' e _ __'c
(Ic'ti__t' ttlt' _l'll1lrrlc'('_ _J,.(._;+) _l__cl _J, (.J--) ;_., r__llc}__'_. _c__' t_;lctl I_ > ()
tt_t'__(. __i_t_ _ )_ ( _ . , _' ' t . n ,
_'al_lt'_ ri_I' ('_l;__ _ _ (J;_._; + __(rl)) (_'('st). J_ _ (._' - __(rl), .J;)). I_c1lc_tlt
tt_,..,t' _.,._t_lt,t, lJv ,l F_,_ I ._.+ ,.__l(_ ,,. F'rz ._.t _.c__ ,. ,l _r__t .r- ,.lr_(l
.s'(_'''(.I'' ))). _Iat,I_ __'(' s('t
�,  ,,t) __ ,_ .J. _)_(F'(_')),_ F ._,++ _(Iì'(_+))
I
'_llcl
_r,.(.___) _ c_(_;" )'_-_J'{_- ))cl(F(.__- ))s_J"C_"}_....

Lt't, F _ A. TIle _}_il' (_J,(()'),_J,.(r';. )) __'ill ___ l=_lIcll lt__ _'r_c_nrling JJr_ir
_J F ;lr_cl _vilt __e _lc11cJterl l)_v _(F).
N()__, _v(_ t!xEcncl tllr clrfi_lil ic)Il ()f _'(t(lllc't,rl itj_lcr_r__ tu tllr c)rirllt;_tj()_l
t)l-t___'_'_'ial_ c;il'c=lc 1lu___t_t)r__c_r_)Ili._'I___ _,_- rialI(J_v__. FcJr _ _ _ y_lcl .J; _ _
l_t
n __I ir D(+'J;) = U_
S.I; =
l.l;
F()__ j e N L_et .t_ __ �._  Fl .J_ ,__r_(l _ __ rl F_-I .J. _.e(.,.lll t, , , __
_(F'(.l')) _ _(.l')}. T1l('Il _7,,(._') i_- _l__fiIa_'cl __s

(I�  ' rl.;'... iF .t', �  L _( _r _ll l i > 1
_'_'rJ_' J... rl;'_" ir .>',_ = _IJ __llt .>'_ = L rur __ll i _ {_,..._ __ _ l}.
Ill tlli._ ('()llt_t_t _1'(' cll__Ile tt_r _-7_r'r_rlir_.r/ _r_ir _f' _ r__;ltJ F _ M _s
(_Ft_(()'),_J__(_^)). ____ _' t_c}_'t' it _vill l,c_ _ll__l_trcl I)___ _(F').
1'tli' ruIliJ__'ill6 st'tllll'Il_l's _' _'_, ll_'(_ll tu _tl;_r;lc_tt__'i_c tt___ r{}t,;_tit_rl i I_t('_'_'__l
l)?v Ill('�_Il,  tllc h_ac_' cline ____ir (s_t'r l.J, _r(}__cJsitiull _J) ;__l{t __'_, _vill _l_r it,s
tl) c'll�l_'�_{=tc_'i_c  ttl_ I)()_lllcl_' _-ic._ (}r tll_ .__-Il_I'(l tt}_l_T_ll___. Fl)_' n _ _ __'c'
._l't r,(r_) _ E(iu) - _((i - 1)r_) _' Iltl 6,(rI,) = _(in) _ _((i - l)r_), __'llcl'_'
_: _ t _ i,_ (l_t_l_c_(l _s r()Il()__'s
_ _(._') if_-_Z
l; �
l'_I l_
_I_'()_ 1_'r _t.t
^ I_L _,
_ ll "_l _ f_ (l ---f__ ,l _''
_ll{l
L_ _ 6 L
_u = I _ 'lU _-_ n_ ___
Lc,t, _J (r_) �  (_7 (n))' a_lcl lct _J (n) (lellcJte tt_e s___l__nc'e t__t satisncs_
(__ (n))' = _J (n).
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__ _s__cull(l olle_ l_( (() )) _pl((( (_p((t_t_ ))a) n_n((a(n4)))0)))t,7__e nt o_ _o_

'_ Fro_ll llu_v o_le, K_ (__ _u) cle_lott!s _l ,, _ (Ot), ttle _rst com _ o _ _ e _ _ t o F
ttl_ hnl_aclial g _air or ttle nla _ F b, w a_l cl I í _ ( _ , u 7 ) ll e _ _ o t e s _ 7 ( c b) , t _ l
'b _w

3 .3+_. Stale7nent.s o/ res'_lt.s. The roIlo_vi_l g rcslllt, ttl a t _ __ j l l b e _ _ s e r u l t
pro_'e __l(__t, nF t.Ilt_ rl'__lllt.s uF t Ile _rescalt _aE)el-, cstyblistle__ ttle _c__ljtiu_l
ur ttlc t)ol_llcla_-)' Ill_ __s llsill g hIle__i_l g i__va_- i _ _ _ t s.

Theorem B. Fu7' each a e _,

__ (b) = s_l_,(_u _ _: K_ (b, 'w) = ml (a))
_�(b)  = i_lF{uJ _ _: K;(b, __1) = __(a)}
_+ b _i_lf __,__.__ b _, _ _
a - ' - _ 1 - _
u7lrl
_+ lJ __s__, w___,,0p_, ..I__ b. w __ _

Usill6 t Il{_ _I)uve ttl_urclll __'e sIl_Il _)rove, i_l 4.3, t_l4 next _r(_ _Jo,_itio_l.
It, K_.'i_-__ _ ('tl_ryc't(_l'i__ t i_1_l of th_ I)ifllrc;at,ir)1l s ___(:c i_l ter_T _ _ o f t. } _ _ _ _ _ _ _ c r
__l(l lu__'t_l- (_- ___'I_uI'(t T(Il_6(_t__.
Pro_osition 3_3_ Ttle sets (_-(a) }_ __ ancl (,_+ (n) } a _ _ y i u e 0 t w o
_a1't2t'io1_ irl.tu _l_s'crl di_sj-oirlt s'ets o J t I_e bi J__r__ntior_ pla n e _+ _ _. M o _' e
o_R1', Ju7' eu_t_ (_, __r) _ _+ x _. l/_er'e e_is_t u, r _' _ _, a < a' , s _ c _ t / _ o _
(_, '_l-_) _ .-{-' (rl.) u ,_ ' (r_ ).
IIl _G, S(!(:ti___l JJ _v�_,_  introclll_'_!cl t_vo nl_ _)s i_l o_-__r t o s t u { l y t l _ e
t_i__t,(_ll___ (_r _lll_(!r_taI,ll_ _J(_riuclic cIr_its. I_l ttlis sc_lse arl_ in a nl_re
ge_lcr_l (;__c _'c cle__le ttlc _n_ _s
__ (b) = i 1'lf { '__J _ _'__'__: Ií' , (b, uJ) = _J (u) }
aIlcl
__ b _sll uJ__.K b w _ _
d - ' _ 7 - _
Thc'la _'e have t,tlc _uIlowi_lg (see Fi gure 3 ancl com __are w i t h l 6 , T h c o r e m
_.1J).

Theorem C. Let a _ _. The_ the ma s_ _l 0rl_ _d af co i n u s
nnd the Jullowir_g state7nerlts _old.
(a) w -- _4(b) iJ arlJ only iJ there e_ists u periodic (mod. lJ orbit
_b,w oJ period g ar_d rotation n_mb e r n s _ c h t h a t O _ _ b , w _ _ d
F6,wIF__,w = (Fb,w)lIR_,u._
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_ _p(((_((JrTl))otpllp___ul(_Jtobl0t0t_t_lnl+ws__(sl(__(___F(1_(tt___b)_u)7___N>/)nt Go_____tu/_nn_lul(_y_reJ__rlJlR_71_ho3t)__d_2E__a_uu_(_l_42t_h_Joll/__o__l)___n0+rt(l(_l_lJ(/_t9(Tr(r_TtlbJ>l()ul/v_7)lT____eelll_(_(ru_l<_J___ll_7_lo_rL)_lr Tl__J1_lJ_lc)t_0/olrtl_l_6d(__wl(_rJtJ__l((__r2_l_)t_o_1_ct)___et___J(t_,_|__l|t_||___t_(ll_l_|__|_____)l_n<__s)rt__Jl(_rt__(t__u)_0__7_)__tn(l_l_J_(_____Jbatll7))z(c___r___(l__r_Jt_ebta+_u__s)Jtra__l1rl_oltt((_D_(J__(s___t_nn_lb_o_))_r_l)/)Jplrlol(ll(g_D__)oelJ___hobrall)tT7((2tll___lhleo_l__(_llhl_)(l__J+l_(l Jbl__cJ_(l_o_tc)(r6tn_34>_rcl)((J___rlJ_7__l_(l_l___)_l4___f__Jw_o_)c___yt(ll__bl_(__0+_(_)_M_ytl9J()l_pr___Jra+(ly_)__Jrflr)(Ju)curbJ_oob_()J(v_rlc/be))7___u2r_(__ltlr__t __F

b,u_ t__b.u. = ( Fb,x_J )_ I__b,u._
r) AL_'sIJ1r_e l t_u t c_ �  JJ /(J _ _ _J i l I_ ( J Jt r J) = l. T t l e r _ _ û ( l J) < _ 6 á ( _) S

ti()Il Jr. 5 u r t G l (___ F iglll'(' J).
_) tl___s1_7_le t tLu l __ _ C _ ( _, _ ) / r I r n l l _ _ _ +. J J n _ _ t / _ R n _, ( _) >
(t}) As__s'u1_le that Gb _ C ' ( __ _) Jor a l l _ _ _ ' a7l d D, Cl (. _ ;) 1 l o t i s a
co7__sl07_l J_7lc t io7l. J / n = _ /y _ _., w i t h ( _, y) �  l, t h e 7 l _ a ( _) <



___ __R(ooF cJFuaT_y_Ellt_( R_E)_m( _A_) __(cRloe)aor F________l___t_t_____t__ytot FbhleIR_l___tt|t__JE2__t___t_ltbt___ls1Tla+aubp(ILbsT)s_0D_o0_(_tb)_+_lr__(bt)___0+0__t(ab(a+nb)()___)__b0+ are _ _

I _, n

I_ _ _ ;! , _ _ _J_ ( b)

F_Gu__ _. TIl(_ __ict___-e u_tai_lecl usi__g _rnpositiu__ 3._.

J. l. Proor of Theorem A. First _t _ll, _v_ rrm_rh ttlat in the case or
tl___ st_I_clarcl _lla_s r___il_', _ive__ hy (l), Thcuren_ ,_(l_)(i) t_uI_s. From
tt_e Fyct tt__t F6,w I__ __cKative ScI_warzian _cri__ative, it is __ut _imc__lt
to _Re ttl_t TI___orc1T_ _(()) (iii) tlolcls (_'ec __l, For i1lstance). Fi__aIlyt to see
tt_at TI_(_orc_n A(_)(ij) i_ Ilel_ we l_a__e tu col_si_cr tlle comp lrxi _cat ion
oF tl_e ranlilvv giv_n l_y

H_,w (z) = z + w + - sin 2_z

al__ t Ilc__ a__l)_ tI_e Fact that a ne_ltra l perio cl ic _o i_lt zo conta i__s i_l
its il_l In(!(liatr t)__in oF _ttractio__ at least orle cr it i__a I _o i_l t (see fur
iI_sta__ce _7, TI_cure___ 2.3I).

_'u__tirl_lo__s a_l_ tI_is Fullo_vs ttle _rst _art u_ _rst statemel_t oF ThEorenl
._. Next, rro__l _e_l_ark 3.l, (Fb.w)_(O) �  w+G_ (O) a_lcl ( Fb., )u (cb) �  w+

tl_at li Inb_%pb+(__) = _ an_ Iimb_%pb(w) �  -_. Since p; ( _o ( b)) =
pb+(_a+(b)) = r_t then ,_ron_ the _acts that wittl respect to b the ma__



__ _((lF_ ,( _) (_b(___)(ol_(p))c7)_l_ D_r_l__(_(l_JF_()()bJ(t)_uJ_(_J_l_))()rl_tco_r)l(_b_J_(_lu(llr7)_,)_(lu_l((l()e(__l)l)(le_(_ _(_Jl_)(__t_(__llrllt))(r_Dl)(()t___)(v_F)o__ob)l__r(l)rt(_eJ)(_or_),>_o)_bl()_JTt_______u+)_)vbr(l__(__l)r__tt) _

' rlb (ll_) i_ _l(___ i_l('l't'_lsi_l_ ;lll(l _Jbt (tl_) i._ Iloll (lr('I'(__si_l_. __Tt_ (_I)t_i_l ttl,_lt
Ii_lle_% v, (IJ) = _ _lll(I IIIll__% _,+ (_) = __. _tl(' _'(___t ()f (_c _ll,_llitjc_s
' _lll' ul_t;lilll'(l _lsi1lg l(!l_lllI_ 3.2 (_) __l(l __.__ _c} _ _ c_ l _ _ ( l (_ t t _ __ _ _ (_ c_ ( J _ l _ l _ J _ r t _ _ r
! ttlt! __'_t ._t,___(___l(_ll_ (_F TtI_'()l_t,l_l ._.
N()__', 1vc_ _t�lrt  1vitIa tIlc_ _)l'()()f' of _t_trllI__lts_ (_ ) ,__1l(l (I)
_'Ilcc)rt'_ll _(_l) ri_Ilc___',_ rrurll ll_^I ;lllcl _s c'r}_l_('(__l__ll('t' tllc l_l__t, (_urul
l_ll-)', ttlat _vill l)_ ll_(! tc_ _)ru_'c _st_tcI_l(_llt (I)), _i_ll()__._ i _ l tl r l p ,_ _ _ , __ _ __ ,_ _ __.

Coroltary 4. l. Let rl = _J/rl _ _, 1IJ_t I_ (_J rJ) = l , r_nrl n._.s_l7rl_/ lt_ul /
ll_e_tt/l,_n,_G cI__.L_t__J __ +. _
/ur sorne _ _ _+. JJ _ z,_ rJ p_7'ior_ic (1r_url. J J u7'lJ2t rJ J _Jcr'iu_ r J _ _ r _ ( l 7' r J
tatio7l 7_1lr)l_er_ n / l 4 __ . .

NcJ_t't __'c' _Ilall _)rr)vc TIl(_orenl ,_(lJ ). .�ssll__lr  tll�_t  ___ o _ i _ �  ( _ o)
f_l' .s()allt' bu > l. Lt't ._;n I)t' ttl(t (_lln(l. 1) _)rri()(lic_ t)()i__t ()f _)rri(_rl
y _ncl rut,_tir)_l _a(lllIt)(_r __ Fl_()lll _r(J J(J_itiorl J l D F' _ _ 1
- ' ' _ b u, u _ o - -
Nu_v __.c (lt_,tj_le ttll' _ll,_l ) Ç : _1 _ _ _ _ _ ,,. _ ,. __
4 _. . D Fq
b,_u - _l _ JJ7 _ 6,,r -l' - _ r_l' __', _'_, o, (('u = , . l('Il

DF9 _. _ DFrl
, b(),ll7o ' _) ll' b_),__o ' () _ D __l) . _
D,,J_b'o,_,.o(_u) D_,,,Fbqo,_,,o(._u) - '' b___wo ' U W bu_wo ''U '
sill(.c D F_q J. _ _ + q-! J n _ F2
lU _u ,4_ u _ - J_ I 2 _ O _ _ l t _ u' I ) b u ,_ _ u
(ii), I}_?' t.Il(' Il_l_}Ii('it Flall('ti()_l TIl_ua-('l_l_ tI__l_t! ('_i,_t_s _ _lci _?lIt)() r I _ c) c _ ( l
IJho (}f lJo, I (,u,u,n) _ llt'i_IlI)(}rIl()()(l nF (.rt_ ., 1I_u) ;l_l(l _ C I __l,__) J: li;,c, t
I í,o,_,,o) 6i_'c'l_ t)v_' J(IJ) = (._-(_) , _I/(tJ)) s_lc'Il tll_t C_'(J(_), _) _ ((), ()) ri)r ;_II
b _ Ubo. hI(_rrn_'c_r
DF9 ,IJ
(_} _ _ - _,_!
D__Fb_,w (2(IJ))

Fl-c)Ill (ii) (iii) _4l' tly_'_ ttl_t _â(b) �  1__(_) fi)r �lll  _ _ IJbn all(l ttle _rst
_)_rt iJF tlll'ul'rl__ ruIIu__'s.
sjll_.(, F_ _. b _. _ J _ t ___ . , .-
' 6 ,__ ( _) - 1 ' - U
__'Il{'_l Fbtw is _ cli_i'(_11lc)l't)Ili_Ill (i.e. l1 < I), ;_s_
_l
_ _D F _ _ __'4.(,,(_'(_))
_l7(_) __o _ _w(b) _ '
(J^) __ _ =- '
_-!. l
__o D_F_., (_) ( __' (_) )

_l,si I__ snla_e rylcul_ls un Fr�c'tlet  ma__ifoIcls (see _l2 _)+ Sl_m_nert _l7 J ha_s
ol)t_i__l'_ (5) ill _ I__(Jl'c cm_ient __'a y. To _ru_'l! ( 5) f _ r a r l v v b > O, i t i s
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__ _(RE___87tt()er(ll_m(llc2_ae_llrs(__eT4(t)l Fe_lor__lt_l__l7_rlnlc_D_l(blt__l_sl_t_t)Lulr_lv_____t___(l_s__2bcl_n___tslb______g___DD___ll_l((l}_(fJl___l__ J_1T, _Ls_xt)_lt__sc(___l___)(n_l_(_(c)v_))e)_+_t(s______ll_t(JytlJ_utll/ttltt_lt_)_l_______l_tsnu0no_dll__ln7_2t_Js_s_r__nb__l0ee__sl_a_r _

Ile('rss, a_',v tt} sr_ tt_at t l_e t__'o _ollu__'ing FoT'__lu ly_' I_o l( { For _lly_ ( b, 1_I_ _ )

(G) Du,Fb_,(.__) = _F69;w'(Fb,w(_)),

, (î) Db F_0,,(._-) = _ DFb';w(Fb.w(.l'))_(Fb,w(__'))

___t rc_____'k tllat (G) __lcl (7) FuIlo__' after su__l_ tedia_ls ry Ic;_l l__s _y ill
__lt'tiu__ ___'e_' rJ. Fill_ll____ (5) is ut_t_i__ccl FroTn (J) Tllll lti_) l)' i_l6 ll__'
_ Fb, _u (_)
_ Fb.w (_)
_I_(l __si_l6 tl_c c'll_in r_l lr t_ h ing i_lto cu_ls ic lcr_ t io_l t Ila t i r _ _ P t h_n
D,_b,w(_-) = I Fur i = l, _,..., y - l (see l5_). Tl_ere_ore,
rl_u(b) < _ ,

____l _0 is ___l _l_liF()rtlll__ Li_cIli__2 c_l_-_'e. T tl is eat cls t l1e _rc)o r u F t lle
_t�_t(!Itl(tllt  ( lJ ). _

Ir__I__IJJ, l)le_ I,_FJsrt__it_ r;rI7_._'tu7ll Jri_Jc7_ _y (8J i._ erJ_n l to t2, (see l _ I o7l d
_JJ. M_7-__u1Jr_7-, z / _wc r____.s__n_e t hn t _+ ( _) cuT_ve7'ges to _- ( O) w h e _ _ b c o n-
_/rJ7_r/r;_' tr_ ( ). T tle7l

. r (_lJ ( _) ,__o ' r J

'w/l_r;)_ crJiJ_r;icles wiltl tlle 7'es'__lt pT'Dve_ ir_ Il I _ (_scJe also ll7 J J.
_l.2. Proo_ oF Theorem B.
J.i2. 1 + _ _tlr_1'nclerzzut ior_ o J t he ro ta t_o7_ ir_ te7'1rn l us i1__ _- 7 _ e 0 d z n g p _ _ r s

()__c _f lt_ct rull()will6 t_4'o cuTlditia_l_ is sat is _t_( l:
I) r_ i__ i_l__lite, s__ _ (_, Il) For all i >_ 1 aT_cl t Ilcre e_ists h _ N suc h
tIl_t frI,l < h Fc)r all i >_ l.
(_) n_ is _Ilitc_ uF l___l_tll r_, sn _ (_l,C) __l_ s, _ (__R } _or a l l
i _ {lt... _n- I}.
Nt_tic;__ tll__t _n__ rccl__c_(t itinerary is _Il a dm iss i h Ic sequellce. Now
__'r sllyll j_ltrnclucc soIT_c Il_tation for admis__i _ lc seq_lences (a__l I hence
F()r l'__cluc'c_(l iti_lcrarics).



___ __u_t(r Ftu__ell_Eel_J_l_trcl____l_xnlsL_ltLJrlN_clt _l_l_dl_r(__lltl(tTrlrl)__(ut_4Nllt___ttul__l__sr___(s_llrtol__e_ll____r_tfl_r(_tJle__t(lr(_tl__lt_tltte____l__t__ll____)l_tr((l2rtr__ls)__ll_F_(r_t_atrJ_t)tnnc__lr_ll_rrc___ee_l__llncltc__ll___r_ll__cll__}_<aserr+__)ctl_s_ru_loltrll2_lrlll_lll___4l_las_y_cLcv<____l_c_lttntl_t_r___tl__lnttt__n_c_(l_tT<_cl_l_p_rlrt_lr__lel_tlftt_lcrts__lsll_____l+2to__l_lc_)t(___ss_t__(___l_L__l/yll_rtyt_ll,l__tlee_lrlllft_ll_l<F_ttl_l_ul Fl_(_t Jt___scoT_tc)c_r__r_trl__)l_____lrl(__llJ2_(l)_c___l_tll_lon_r_at())pt__tt_)_r__A_le(lyoc)Ftc_l__u_l___lcttcflT__lrr___l<tt__tllcs_(__vr_cl Ilr_t)ll_l_rlttl_lel(_kyr_n)1r____e
Jno_2lltl_lll_ls__ltn_l)2fr_F(l_tll__n_l_l(t_)___l_nl((___r_l__l__(l____lr_vt)rl_l<ast____+u____e)l_ct_l)t_3l__f(s+tt)__)(l_t<llccJ3_t__s2a_nt_<_T__xlr__vln_/__(_r)t_hlctn_l)lltcv_lcmntl_lc_Jl_nF_le(llc__l_l)__t()fTltt_rt_yl_IJllltl(n_c__l___(astl__lru_l_)r_rerre_)ll(_tut_l)o_))alt_rt__ltx_(le_l_l_llr__l__s_lrllrsl__r__rcltc_vtelrl(_2l_slr_l_lll_sce_nll_sl__l_tttorll_ocn(___t___ll(__l)r_lre__ltl_nl__x___l_(l(l(lt_(yllc)__)t_v__l_lo_ll_trF(rlt__s__t_rt_ltt__(r_lo_lts____o_t__l___FJt_tlrntttll__s_lnrl_l(y)lg_olte(_ll2tl_tltl_l((t_F_t____)_tll_J+_tl_aloe__tshslt)u_lcctvlllv_l__)___l}(l_(l_rrll_tlu_n_Js__lttr<(lrlclrv_)e__l____ly_ulrI_lel_)t()llxt_uJ_t2lul)u<lnyrlll__tllf_l_lv_t__cl6__slslhrs_lr_lo_clt(t_trd__le)r_

Ttlr c'_rtli_l_lit)_ uF ;ll_ _cll_lis_'iI_lc _'l'c_ll('Tlrt_ _r_ _1' i l l t)c ( lrllu t(_l l t))' l!__ l (
ir r_ i_s illfi__itr _t'(_ __rl-it,ll lr_ l = _ ).

Sk is ()_llv__ cle__lell fi)r _(ll_li_, _i I) le sl_c_llrllc;e__ (} f l(l_lgt Il ercl__ telr t, tl_ll k.
' Clryl'ly_ f()r c_c'_l _ _ _ __'_ tly_'(! S'' (_l, (_')) = _J,_ (F" (._') ) i f t_ J,. (_') l > T2.
i_l _ x S. _ 4c s _y l l ___r it,c r_, J tc_ ( lellc) te_ t Il_ _ u l l ( ' ; _ t l _ l l y t i u n c) f n_ _ l l l l _
r_i'' t,t) clc Tlote _ri n_... _n alll l c_t _ to c lcno tc _n _n....
for_ = l_2,... ,7_. ('_'c s__)' tll_t,n_ is evcn i f C_rc l ('_ e ( l_. +., T2 } l,_', = n)
i_' e__rn. ()tller__isc _'t_ sa)r t, _lyt r_t is o d d.

r_n > (1_,.
TIl(_ fi)lln_vill_ ttltlnrcTll_ ___'tJvrcl t)v. __ls__cl__ _ll _ h 1_ jiu__s l J I_ c_ ti_ l}-

Theorem 4 .2. Let F e A U M ar2d u_ r_' _ _. T t_en nJ.' = lu_ rl ' J i / r_n
or_lJ zJa ' I _ d
__(c') S -r,_('c) <- -Jf(�)_

1'l_rur__Ill D.
Lemma 4.3. Le_ n e _. JJ n _ _ t hen _l (n) -- _ l, (n ) _n d _ J_ (c_)
__ (u). __the_ise, iJ r_ _ _ tt__7_ __ (a) < _J (n) an d _J (r_) < _J ( a )_
orel_l al_(l lc_nlna.



__ __ _ _((_n(__ /) gr_t( )(6))()np(_t _)_ )t nl _ (cl )nottt_Fe( __n)y+)_Jn%/A(aa)t_ _y_t_nhlea(_s_le___q),_hyu_2e__(lalcr_ee__l_)m___l_ng__l,t

_RooF uF THEoREm D. Fix b e _+ Fiol _ _ T _ l e u, e_ I l _. 2 f r J
__'e tla_'e tIlat p_(u7) = a an_ pb+(w) = a' iFan_ only if

_J (a) 5 K_ (b,w) S _l (n)
_llcl

_ _7 (d) S K_ (b, _u) < _ _ (d ).!
Tt _ +
lt!I_, v? llslll_ t, lc de_IlltI()n _F _ d,, __, _ 4, al _ _ __ a _ l ll L e _ n m a _. _
ttlc ttlcurc__l folIo__'s. _

_.3. Proo_ o_ Pro position 3.3.

_.3. l. T_e lopolo_icul s pacR o J all __neadin g p _ i r s J y r 7 n a p s J r o _ n A a n d
N.. Fil+st _t all all_ in urd__r to describe the set o_ al l h _ _ e a c l i n g p a i r s
For lllyIJ_ Frulll A allcl M __'e illtroc1uce t I_e F o l l u _ v i _ l g n o t a t i o c l. L e t
n = __' c_'_..., _t_ an aclnlissibIe sc ql a e _ l c c t t _ e _ l _ __ c w i l l _ 1 c _ l u t _ _ _' _' t I l e
sec_lll!_lc=c (_ _ + l )"a 2....
L(tt A_ be ttlr s_t oF all aclmissi_le in_ _lite sc qtte n __ e s. _ (r e _ v j l l _ c n n t e
IJ_v _' t Ilc ___'t ur _' I I _Jairs (_u_, _y 2) _ A_ x A_ F(_r __'_licI l t I _ e _ u l l o __ i n g
c__ Il( I it i()I__ IluI(l:
( l ) _uí < _J/__.
(_) _u_ 5 S" (_y,) 5 _y_ for alI n > U _lld i _ { l, 2 ).
(3) If €()r _'()1_lc __ >_ _, Sn(_y.) �  dN... t ttle_n S_l+l y. > y' f o r
i e (1, 2).
_Vc ll__.e tIlat con_ition (2) sa ys, in par _ i c _ _ l a r , t h
i__)aI _lllcl Ill__illl._l, rl__ lJc_ctivcl y , ac;curcljll g t l l e F u l I u _ _' i _ _ g c l c' _ I l i t i n c l. L e t
_ _ A__ _vc say tIlat _a i_ nlinirnal (res t_c c t i v e I y _ n a _ i _ n _ l) i F a n d o n I y
if _r_ 5 S"(__) (rcs__e_ti__e_lv_ _n > S^(__)) ror _ll 7z _ { l, 2,... _ a l -l }.
_s __'c _'iIl sc_e, the ahovc set colltains (al_lon g o t h e r s J t h e k n e a _ i n
pairs uF Illa_)s' from A _vith Ilon_de ge_lerat e r o t a t i o n i n t e r v a l. T _ d e a I
wittl sc)___e spccial kneadin g pairs associ a t e c l t o m a p s w i t t l d e g e I l e r a t e
rotati()ll illterval we i n t r u d _ l c ; e t _ l e F o l l u _ j _ _ _ s e t s.
)_ftt_,__ 4 __ _ v i t t_ __ _ v e 4L _ L _ Rl
a _'- q - l a 4 a

allJ l}y _J_(4) ttle se__lcnce whicll satis_es (__R(a))' �  JR(a).
No__ _vc set

{(_J (a),__(a)), ( __ (a ), _r (a)),
n l a _ p _ _ , W I t p t _
_,= _Ra,_ Aa
(_I (a)t_J (a)) ifa _ _ ,4 S



_ _sna(t _ _(___tl_(t_p(ncn(__(t_v)elnyn_t(__)t_)()_), 1_l_J_l_)n___ _nrn_(cn_)__(_7lc(__n___t_(__J_,nJwn/__l_J) __J__n_n___t{ (u)_) _ (_J t__J)_n___l)l t _

!!i

__Ilil

((_J(n),__,(rl)),(_l(rl),_J(rl))t ._r,,_ ,r_ __,l.t_, J, _
_a�  _J _ ,_l (l .(
__ (rl ),_J (a)) ir r_ _ _.

Flll_ll_)' _vl' clr_l()t(' _v_' _ ttlr st't _'U(U,,___a) il_lcl tJvV _ ttlr sct Uaf__n.
F_-iJ1_l l1, Tt___uri!Ill ,_I _vc l_;__'r ttl;_t _ (r_!__Jc__'ti__c_ly, _) i_, tllr _rt i__ yll
k_li'__ilill6 t}_ir_ ri_r _n_l__s rl-_JITl A (_-t__l_cc;ti_'rl5,, M).
Lrt r_ _ A_. __'_ _1'ill ._a_' tI__t n _ __ if _I_cl (__lly iF it i_ TT_i__i_T_yl __lcl
j.__r_s tl)_t iF Fur sull_c 7_ > _, S__(,_) -_ ,lt_ t,llr_l s__+ l (c_) > c_J
a sil_lil_r _v;ly, __ _ __ ir ancl uT_l_' if it i_ _l,_xiITl_l. Fro_ll ll_, Tllr_}r_>I__
J.1.lI it Fi_Ilo_vs t___t
__ �  (_n e A_: 3J_ _ A_ slac'tl tt_,_t (_n, JI) _ _}
a_lcl
_, �  {ß _ A_: 3_n _ A_ s_1_'tl tl,_t (n_, ()) _ _)
_V_' i'i}_l_iclrr _, _llcl __ l'nilr___'c'cl __'itll tl,e cJ_-clrT' ti__}i_lu__v _Tlil lrt _, x __
_c' _1'ittl tt,{' __-ucll__'t tul_ul__6_v'. Nutc t tl_lt _ ____cl _ ___'_ _t_-ictl_' _u_lt__i_,i'Eli
_l __ x _6 '
Nc___', ___r _c__l_iclrr rtlc __l_t}s li{ ; _+ _ _ _ _, _r_cl Ii_, ; _+ x _ _ _,.
TIlcrl __'e tl__'c_ tt_e FcJlli___'irl6.
Lemma _._. T/le_ JullorujI_y s'lr_le7r__;__t._ /_rJlrl.
(_l) Tt_e 7__ap.s Ií, a7__ lí6 u7'e r'or_t1rl__u1_.t'.
t_) Lel a _ _. FrJr cuc/_ b _ _+ tt_c7_e _/_2.st __J;, __7; _ _ (res_c_c_t__Jc_l1J,
__J,l, ___; e _) s_ct_ _l_n_ K-,(_,__J;) = _î (cJ) unJ J___(b,1_;) = __(n

_rucJJ. Tt___ nrst st_tcT_lc_,t _i_lIu___s _lsi_lg tlle i'__nti__1_u_Is clr_r_lclr_lc'c uF
F_,w rr{JITl tl_r _J_r__r____t_r ___l_lcs b _nil I_1. NrJ__'_ fru__l Tt,curr_Tl _._, 1_'c_
_l__,r tl__t
(_) __ =U,__ _J_(n)__J (rl) .
Fi___cl b _ _+. ,_ss___r_r _rst t_at c_ _ _,. Fri_rT_ _ro_}usitic_n 3.l, ttli'rc
r_i_, ts __Ji _ _ __lc+Il tllat _b(_ui) = cJ. Tl,en, t Iy u_i_l6 LcTll_Tla _.3 _ncl
Tt_c_nreITl _.2t Ií,(_,w;) = _J (u) �  '_J (r_). Nc___, lrt n _ _. Sincc __
is _ i'___ti___lo_ls no_l- i_)crr_sil_g o_lto __l___, FroTn Ttlenrenl 1.2, tl,cre
c__ists u_ _ _ sllc;ll ttlat ti,(_,w) _ _J (u),_J (a) . Lct n',n'' _ _,
s_ti_'fyiT__ tllat _' < n < n'', __'e tlave fron_ t__c a_o_,e case that thcre



____ _(_s_N(n_Tl_l__nEl+(_(t___)_u_bl_JTlIN_teur)lxtcltr_+l_t)n)n(F_nnl__tr_l_ltt_w_r_tl)lcuot_ttb__ttl_4t_w(l FeT(unL__ta(_scl_l(o)_r_l_lllp,l_+lll_l_myr____ Tlln__nc_t)__)lnut(ct_e(_l_llltl(lrlel)_l)lctlt_ll_)c)l__c_cnJtln_)ll__sllart_<u_e__(ttl__+_ut_Ttrlto__e___Itt__e_l)_l_'Tt(((_Llxoellsnlcl_r_tcllle__<_N())_se_r_tecpll%l__tet_Jnd_____ls_b_+__l_e(tg_t((_v__Ix Jn4Jt Jnl__ret__c_u__la_rs_os_)_tp_bt)t__ttt_hsm)y F_es_l Jl_la_Jrnlt(raea_v(l(o_e(F(not)e_l)blrnplcd_d|l_o_nJl__l_)e__tetl_n_Jr(clhpTT((lto_llnal_oaatla__)h(o_ltt_))rmleu(_lt,el_}l__ua_Rl_l__Fc Jn_oo_lF)trclsd_y(e_Ll(w(tl}t_bfo__atttrnn_l4lwso_l2'l)c)oo(rel(JJlnJ_dd_<nn__)))o)l_)t2l Lsros___owln_l__erp_t2__)t__e_llbt_5__(eu_oltanl_t(__tr__llv_wt)ls_nhl_gsp_Ll_tl)_(tb__tt___T'tw_telwJt__p)loe_t+Jl'b_t_lrot_(wl_s_e_lrlw(a(cl__eolnpotm)x_)___et_lJl_cperfsFtllt_tetneohstrTra_t_lleealot___en_l_ln__dytt _

c_ i_t ll_ ì (r _ ). _l'_ (r _ ' } _ Jl suc' tl t t_ a t I í, ( __ _ l I 't ( a ' )) = _ J_ ( r l ') �  _J ( n ' ) a n c t
_,(__ __J;(a'')) = _lt(a'') �  _I (n''). Usi_g t _at _1 (a ),_l (a ) i_' str ic t ly
c_l_t;_ i_lc_{ l iIl _ J_ (n ' )t_I (r _ ') _1lc { t I l c r o l ) t i I l l l i t _ ' o f I ít ( _, ' )_ _ ' t a t e _ l l l _ n t
I>) _()lI(___'s. _

_ y_l_l

s_)r('ti__(_lvv_ t)lc_l_ l)_v_ Lr__llll_ _._, _ _, (a) anc l __ (a) _re c losec l sc ts i_l
_(_l'()ll(l __'(_ ut)__t'r_'__ t,1__t
. _, ( n) u _ _ 6 ( r _ ' )) c _ + x _.

_.t. _roof of Theorem C. _' _ 'c styl't l)_' __ro_' i_l_ (a )t _' l_ t___llt_ll t, ( _)
r(_ll{)__ts ill a _i_llil_l- __'a_v'. I,rt '_IJ = _d (b), tllcn p6 (1l7 ) = a a_l( l t i, ( bt w)
_l (rl). _Vt_ __ut,(! ttl;_t __tt_ t_ave only tllc fulto__'i _l_ t_vo _oss i _ i l i t ies (_ee
3_)_ t_itll__l-
(a) _l,_b w(O') = _J__bw(()) �  _r_ (a) or

o__en int_rval U t;oIlt_i_li_l6 w su_h that _I_, ,., (O ') �  _ IFb ,,, ( O) �  _1 (a)
For tlyctl __t ' _ Ut ;_ colltr_ _ ic t io_l. Nowt Msu_lle t tla t c o 1 a l l i t i o n ( _) h o l c l s.
a_l(l r_tatiu_1 ___l__lt_cl' a suc Il t Ilat O _ _b.w 4n _ F6,w lpb,_ = ( Fb,w )I l_,.w
y ;__lcl rtJtatioll Illl_nhcr a sllc; l_ t Il_t O _ P_.w all _ Fbtw fpb.w �  ( Fb.w )I l_,.w_
_IFb u, (_+) = _l_ (r_). hIoreo__ert by the _e_nition Fb,w we Ilave t hat ( Fb.w )I



___ _tc_Ll__l)ç_ltsll_nlt_,er__r__lnlll__l_ot_ebcl__uol__tc_(3roa+wo)a(r_l__lbln()ltl_((tlF___eL)_l_(__t_nNl_ll()ol__ov Fl_n__(telb_lle__t__l_l)l(ttrut3r<)l)gl__l___l_tl(__,o(_tt___)4ll_s)tl(n_<F_lF(o)F_Ft(ngrr__F((__c(blet__2)_lutt__ta)__A__l(lrel(l_n_l)n_)t)Jn<_sl__cnt__g2_tt Jl_(J_t__+t,_e((,_y_sl__r()l__ntt)lr__l__)cycll>_nl3____Lt_n(cR___0+T)lF((cl__hcl))l____lrlo_t(l___3al__)))_tl_l _

clc)_,(t t() uJ ttl__l (Fb,_,_)( < (Fb,,,)_, ;lllrl (Fb,,,,)_(()) = Fb,w(O) is' ('l()_sr to
(Fb,wJ)i(_) = F_,,,,J(()) �lll(l

Fb,_,(()) _ (F6._JI)i(O) < (Fb,4__)((()) -_ __h,u,J(())
rc_r _ �  l, _,... ,q _ l. Si_l('r,

a11ll in c'u_l_c__l_ll_'t_ lí,(_, r_J'} < _J (r_). _Il_ls,_ __'e cy_l i;o_lc'll_clc_ tIl_t
u_ �  _á(b),
St__te_llr_lts (_') a__cl (cl) ri)ll(_w rru__l ttl(_ clc,_llitio_l_ ___lcl tllc _'tl_l'ac'-
t_l-i'_yliull uF t)le hnc_' cli_lg ___irs ill A �l1lcl  M givc__ i_l J+3. l. _
J._. ProoF of Proposition 3.4. St_te_lle_lt (y) Ci_lIc)_t's rr_m tllc IluT_ -

./ C _(l, lI is a wnr_(lerir_J i_2ler_Jr_l fi)r F _ _ ir J + _, F(J) + Z,...
are ___ir__'ise clisjl)int ___cl tIle w -li__lit s_{!t is_ ll(}t rr__l_l tc_ _ sill6lc (nlocl.

__ittl a _ _, thcn rr(Jnl _.3.l _(F) = (_J_(u)J_J (n)). hl(_l-eo_'cr, it is _lut
climc;_llt tc_ _J_'u_tc t,ll__t
_J (rJ) = (_JF_(U)) ' �  _ll._(c',.). _
I__ col___q_lence lr,., IJ is �_  _t'_n{lcrillg i_ltcr__;ll, _ ('ulatr_rlictiu_l. Tll_ls,
if _b _ C2(_,_), _r()_ll _lt __ _i_ y_}o_'e, _(Fbu,) _ (__(u),_I (n)) rr)l- _ll
(b, r__) _ (l,_) _ _ ___l(l, __siIl6 tllc_ llc__I_itiu__s c)r tI___ ,_r1lc_l'_ _lly__,

_>1.
Fillalt)', tu _ra_'c tllc _r_t __art of stytclll_'_lt (IJ) rcr;_ll ttlat Fron_
TIlr(Jrc_n C(c_) __'c ll__'c tt_;_t _;(_) <_ __, (b). .__slllnc tl_yt ___ _ 9à (_) _
_,(b). __v' llsila6 Ttlc_ul'_l_l _(a) __lcl Tl_l_ol-rnl C(_), _1'e tl__-{' tll;_t, rc__'
((Fb.w); - _)(_) >_ () _1_cl tll_ c_c_l_;_lit)' Ilnlrls for .T _ Pb,,,, _vlll_rc _b,w is
a (__l(_(l. l) _Jerioclic' ort_it of _Jeriocl rJ y_lcI r_t,atio_l n_lnlI}i'r JJJq __1cI_
tllat _ _ Pb.w _ncl (F6,,)_lpb w = Fb,,,IJ_b y,. Tt_rll, Frc)_ll Cr}rc_ll_r_v' _.l, __'l'
Ila__(t ttl_t D,F__,.(O) _ 1_ _ c__ltrycli(;tjo_l, t)(tcylls_, O i_ a t_lr_li_lg critic'al
uiTlt. T__e i_le_uyljt__ _6n(b) > _dt(b) _()llo__'s i_l a __imiI_r _v_vv. Frc)l_l
Thçorc_n C(c), Lc_ll__l_ 3.2 __lcl tlle _'I_yryctc__'i7,_tiu__ caf tI_e hllcacli _lg
_}_irs _ur ma__s i_l M 6i_'eIl i_l _.3.I __'e Ilave tIl�lt

__'c ren_arh tllat the at_o_te inRquaIities are stricl)' because tlle n_a_s are
_ l,w _ _ li - _t_ a
a__cl limbt__á(b) = _, hy continuity, there cxists b' > 1 suc'h that



_____ _t ( ) _ ( ) __ l__ lt ( )_ _ _

__(b') = _d+ (b')+ In a sir__il_r __'ay it follo__,s t_e e_istel_ce or b'' > l sucI_
I_yt __ b'l _ _- bll. TI_is e___s t__e roof o_ styte e_ _
a a
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